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ABSTRACT 
 

In this study, we present and investigate a methodology of building a portfolio composed of 

traditional assets that maximize the exposure to a certain Benchmark. 

We explore the ways to: (1) maximise the Benchmark capture, (2) minimise the risk exposure 

to a certain Benchmark, and (3) bolster the portfolio building process. The focus consists of 

identifying the stocks with the highest risk exposure to the Benchmark, selecting stocks, and 

weighting them accordingly. This methodology will not neglect to address associated cross 

risks, such as idiosyncratic risks. 
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INTRODUCTION 
 

To define the exposure of a portfolio to a Benchmark, we consider the following characteristics 

as representative: 

• A high level of correlation (the portfolio often moves in the same direction as the 

Benchmark) 

• A high level of Hit Ratio (frequency at which two assets move in the same direction)  

• The portfolio exhibits a high sensitivity to the Benchmark 

• Depending on the Benchmark: the portfolio may be more volatile than the Benchmark 

In this paper, we explore a “natural” way to gain exposure as we demonstrate how to build a 

Maximum Benchmark Exposure Portfolio. This Benchmark can either be a commodity, a stock 

index, or a cryptocurrency.  

We will provide a robust methodology to design a dynamic portfolio that aims to capture and 

enhance the exposure to a certain Benchmark among an investment universe. 

The Maximum Benchmark Exposure portfolio is a portfolio wherein returns are highly exposed 

to the returns of the Benchmark. Starting from an investment universe composed of traditional 

assets, such as equities, we will discuss a methodology designed to capture from the traditional 

assets the exposure to the Benchmark and how to build this Maximum Benchmark Exposure 

Portfolio. 

We will also describe the steps to build the Maximum Benchmark Exposure Portfolio. First, we 

will explore how the Beta enables us to capture the exposure to a certain Benchmark from any 

asset. Then we will detail the portfolio construction methodology before discussing the main 

findings. 
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1. FIRST STEPS TO BUILD THE MODEL  

1.1. The Beta as a way to capture Exposure 
 

The first step of building a Maximum Benchmark Exposure Portfolio is to identify from the 

investment universe which assets are highly exposed to the Benchmark. In the case of Gold for 

example, if Equities were the Investment Universe and Gold the Benchmark, we would need to 

choose the equities for which returns are highly exposed to Gold. 

In financial literature, several asset pricing models express the return of an asset as a function 

of its exposure to the equity markets. Among these models, the Capital Asset Pricing Model, 

known as the CAPM, is recognized as the most prevalent and extensively employed valuation 

model in the financial world. This model proposed by Sharpe (1964), Lintner (1965), and 

Mossin (1966), stems from the Modern Portfolio Theory of Markowitz (1952). According to 

the CAPM, there exist two types of risks that investors encounter when holding an asset, 

including systematic risk and idiosyncratic risk. The systematic risk, also known as the market 

risk, represents the risk inherent to the entire market. This type of risk cannot be eliminated 

through diversification, because it includes unpredictable, uncontrollable risks on the economic, 

geopolitical, and financial stage. These factors have an impact on all the assets on the market, 

which explains their undiversifiable aspect. Meanwhile, the second type of risk, namely the 

idiosyncratic risk, represents the risk associated with a specific company and/or industry of the 

given investment. Also known as the unsystematic risk, this type of risk can be mitigated 

through diversification. Thus, when holding an asset, the investor can invest in other types of 

assets in order to lower one’s exposure to the specific risk of this asset. This paper focuses on 

the systematic risk component, while providing opportunities of diversifying to mitigate 

idiosyncratic risk.   

The CAPM predicts that investors are exclusively rewarded for the undiversifiable risk they 

undertake, which refers to the systematic risk. This stems from the fact that since the 

idiosyncratic risk can be diversified, investors have the possibility to eliminate it, and thus, not 

be compensated for this risk.  
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The CAPM is estimated as follows:  

𝑅𝑅𝑖𝑖,𝑡𝑡 − 𝑅𝑅𝐹𝐹,𝑡𝑡 = 𝛽𝛽0 + 𝛽𝛽𝑖𝑖,𝑅𝑅𝑅𝑅�𝑅𝑅𝑀𝑀,𝑡𝑡 − 𝑅𝑅𝐹𝐹,𝑡𝑡� +∈𝑖𝑖,𝑡𝑡 

Where 𝑅𝑅𝑖𝑖,𝑡𝑡 is defined as the return of a specific asset i at time t; 𝑅𝑅𝐹𝐹 is defined as the risk-free 

rate of return; 𝑅𝑅𝑀𝑀,𝑡𝑡 represents the market return at time t; the term �𝑅𝑅𝑀𝑀,𝑡𝑡 − 𝑅𝑅𝐹𝐹� refers to the 

equity market premium; and 𝛽𝛽 is the Beta factor on which our paper concentrates.  

The Beta factor represents one of the most important features of the CAPM, as it reflects the 

systematic risk of the asset. In other words, the Beta is “the only relevant measure of stock risk 

that explains how investors should act and price risk securities (Shah et al., 2018).” (Monge & 

Gil-Alana, 2020, p.3). More precisely, this term measures the sensitivity of a security vis-à-vis 

the fluctuations of the overall market. For instance, if the security’s Beta is greater than 1, then 

the security amplifies the risk of the market (i.e., higher volatility). When the Beta is lower than 

1, this implies that the security is less volatile in comparison to the market. Consequently, one 

expects that the higher the Beta, the higher the return of the security, and vice versa (Bilinski & 

Lyssimachou, 2014). A Beta equal to 1 (-1) indicates that the security is positively (inversely) 

correlated with the market’s fluctuations. The Beta term can be measured by dividing the 

covariance of the asset’s return and the market’s return over the variance of the market’s return, 

as follows:  

𝛽𝛽𝑖𝑖 = 𝐶𝐶𝐶𝐶𝐶𝐶(𝑅𝑅𝑖𝑖,𝑅𝑅𝑀𝑀)
𝑉𝑉𝑉𝑉𝑉𝑉(𝑅𝑅𝑀𝑀)                                                                      

1.2. The Limits of the CAPM Beta 
The CAPM enabled us to express the return of an asset in function of the returns of the equity 

markets and the sensitivity of the asset with respect to the equity Benchmark. However, in this 

paper, our goal is to identify and measure the exposure of an asset to the Benchmark. We need 

more than one factor. 

Indeed, despite the success and usefulness of the CAPM in the valuation of risky assets, this 

model presents several limitations that have been highlighted in the previous literature; this is 

especially salient regarding the Beta term in which this paper is interested. Most importantly, 

the Beta term in the original CAPM model exclusively captures the riskiness of a security 

relative to the overall market risk. However, there exist other risks that should be taken in 

consideration, as they greatly affect the stock return of the asset in comparison to the market 

risk (or eventually the equity risk). 

http://www.melanion.com/
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In order to capture the impact of other potential risks, several authors suggested extensions for 

the capital asset pricing model by including a multi-Factor framework. This stream of literature 

was developed by Fama and French (1993), who introduced a three-factor model using three 

risk factors (hereinafter FF), in contrast to the CAPM that uses only one factor (i.e., the market 

risk premium). In addition to the market return, the authors added two risk factors related to the 

size (i.e., size premium) and the value (i.e., value premium) of the stock. By doing so, their 

three-factor model takes into consideration the fact that (1) high Market to Book (MTB) stocks 

tend to outperform small MTB stocks and (2) small capitalization stocks tend to outperform 

large capitalization stocks. Fama and French (1993) accordingly added two risk factors to the 

original CAPM model: HML or “High Minus Low” and SMB “Small Minus Big”, respectively. 

Their model is estimated as follows: 

𝑅𝑅𝑖𝑖,𝑡𝑡 − 𝑅𝑅𝐹𝐹,𝑡𝑡 = 𝛽𝛽0 + 𝛽𝛽𝑖𝑖,𝑅𝑅𝑅𝑅�𝑅𝑅𝑀𝑀,𝑡𝑡 − 𝑅𝑅𝐹𝐹,𝑡𝑡� + 𝛽𝛽𝑖𝑖,𝑆𝑆𝑀𝑀𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡 + 𝛽𝛽𝑖𝑖,𝐻𝐻𝑀𝑀𝐻𝐻𝐻𝐻𝑆𝑆𝐻𝐻𝑡𝑡 +∈𝑖𝑖,𝑡𝑡            

 Where 𝑅𝑅𝑖𝑖,𝑡𝑡 is defined as the return of a specific asset i at time t; 𝑅𝑅𝐹𝐹,𝑡𝑡 is defined as the risk-free 

rate of return at time t; �𝑅𝑅𝑖𝑖,𝑡𝑡 − 𝑅𝑅𝐹𝐹,𝑡𝑡� represents the excess return expected on asset i; 𝑅𝑅𝑀𝑀,𝑡𝑡 

represents the market return at time t; the term �𝑅𝑅𝑀𝑀,𝑡𝑡 − 𝑅𝑅𝐹𝐹,𝑡𝑡� refers to the equity market premium 

; 𝑆𝑆𝑆𝑆𝑆𝑆𝑡𝑡 is the size premium at time t; 𝐻𝐻𝑆𝑆𝐻𝐻𝑡𝑡 is the value premium at time t; and 𝛽𝛽 is the Beta 

factor.  

Since our paper does not focus on a specific type of investment (i.e., assets/commodities 

/indices/cryptocurrencies), we will expose some examples regarding the importance of 

investments’ risk exposure on market returns. For instance, several authors highlighted the 

presence of oil price exposure on the market returns. This was explained by Mohanty et al. 

(2011): 

Stock returns are affected by systematic movements in expected cash flow as well as by 

discount rates. Therefore, an increase in oil price can have a positive or negative effect 

on a firm's cash flow depending on whether the firm uses oil as an input (consumer) or 

output (producer). Similarly, changes in oil price can also affect discount rates, which 

can lead to an increase in the hurdle rate on corporate investment. A higher hurdle rate 

can have a negative impact on a firm's stock price. (p.46) 

In fact, there is extensive literature that has examined the relationship between the oil price risk 

and stock returns. Among these, Mohanty and Nandha (2011) used the Fama-French-Carhart's 

http://www.melanion.com/
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four-factor model while considering a sample composed of companies in the U.S. oil and gas 

sector. The authors reported that there exists a significant oil price risk exposure on the return 

of these companies. Furthermore, Demirer et al. (2015) considered a sample composed of net 

exporting nations of oil the Gulf Cooperation Council (GCC) countries: Saudi Arabia, Kuwait, 

Qatar, UAE, Oman, and Bahrain. While using the models of CAPM and FF, the authors showed 

that a high sensitivity toward the oil price (i.e., high oil risk exposure) implies substantial 

returns, and vice versa. In other words, the stock returns are driven by the absolute risk exposure 

of a stock relative to oil price. Interestingly the authors also found that the oil price risk premium 

is significant for returns in the UAE and Kuwait, but this evidence does not hold when also 

controlling for market and firm risk factors; this suggests that the impact of the oil price risk is 

already captured in these risk factors. In addition to the Oil and Gas industry, Mohanty et al. 

(2014) considered a sample of firms in the U.S. Tourism and Leisure sector over the period 

1983 to 2011, and found that this sector (and most subsectors) reports significantly negative 

exposures to fluctuations in oil prices. The Travel and Leisure industry is affected by the oil 

price fluctuations due to their impact on consumer income and economic activities (Hickman, 

1987). This is consistent with Bams et al.'s (2017) conclusion stating that, “the oil uncertainty 

risk is not diversifiable within oil-relevant industries. Industry-specialized investors who hold 

portfolios of oil-relevant stocks must consider their exposure to the oil price uncertainty 

shocks.” (p.283).  

Based on the above rationale, we believe that the relationship between the price of an asset and 

the stock return on the market is consistent for other types of commodities. For instance, Baur 

(2014) examined the exposure of 41 Australian gold mining firms to the price of Gold over a 

thirty-year period, from 1980 to 2010. The authors reported that the average Beta Gold was 

close to one, although it varied according to the different frequencies (i.e., weekly and monthly 

data). They argued that this was mainly due to the diversification effect of mining companies 

that produce different types of metals. Consistent with these findings, Tufano (1998) considered 

as sample of 48 North American gold mining firms over the period 1990 to 1994 and found a 

higher Beta Gold (of 1.5 on average), which implies a greater sensitivity toward Gold prices’ 

fluctuation.  

Our paper employs a more simplified model; our paper’s objectives differ from studies that 

exclusively use the CAPM and other models from Fama and French ls. In fact, we recognize 

the importance of the risk exposure related to the market factor (i.e., market Beta of the CAPM) 

http://www.melanion.com/
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in terms of measuring the return of an investment; as such, we seek to identify the stock return’s 

largest risk exposure. As generally explained above, this depends on the type of 

asset/index/cryptocurrency considered in the model. This reasoning can only be realized by 

including a single measure of Beta that captures the type of risk we want to have exposure to in 

the original CAPM model, while ensuring that other types of risks are eliminated (such as the 

idiosyncratic risk). In other words, this paper concentrates on the Risk Premium related to the 

type of assets used, rather than on the Equity Risk Premium as expressed in the CAPM and FF 

models. 

2. THE MODEL 
 

In this paper, we consider two types of assets (hereinafter Benchmark), namely Oil and Gold. 

For each of these Benchmarks, we begin with the selection of a preliminary universe composed 

of stocks related to the Benchmark. The reasoning behind this selection is to guarantee that the 

Beta in the model is highly relevant to the Benchmark. Indeed, the Beta with respect to the 

Benchmark (hereinafter Beta BS) can be computed from our modified CAPM model as follows: 

𝑅𝑅𝑖𝑖,𝑡𝑡 = 𝛽𝛽𝑆𝑆𝑆𝑆𝑅𝑅𝑆𝑆,𝑡𝑡 (1) 

 

So    𝛽𝛽𝑆𝑆𝑆𝑆 = 𝜎𝜎𝑖𝑖𝜌𝜌𝐵𝐵,𝑖𝑖
𝜎𝜎𝐵𝐵

 (2) 

Where 𝑅𝑅𝑖𝑖,𝑡𝑡 is the return on stock i at time t; 𝑅𝑅𝑆𝑆,𝑡𝑡 is the return of the Benchmark at time t; 𝛽𝛽𝑆𝑆𝑆𝑆 is 

the Beta of the stock with respect to the Benchmark; 𝜎𝜎𝑖𝑖 is the volatility of the asset 𝑖𝑖 estimated 

by the standard deviation of its returns; 𝜌𝜌𝑆𝑆,𝑖𝑖 represents the correlation between the stock i and 

the Benchmark. 

From Eq.2 we can deduce that an asset with a weak correlation to the benchmark, but a higher 

volatility can still have a high Beta BS. However, this Beta BS won’t be relevant as this asset 

won’t offer any exposure to the Benchmark and will just be noise. As we devise a method to 

capture exposure from assets, restraining the preliminary universe to assets which are likely to 

offer exposure eliminate noise.  
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The return of a portfolio S of N assets at time t can be computed as follows: 

𝑅𝑅𝑆𝑆,𝑡𝑡 = �𝑤𝑤𝑖𝑖𝑅𝑅𝑖𝑖,𝑡𝑡

𝑁𝑁

𝑖𝑖=1

 
(3) 

 

Where 𝑤𝑤𝑖𝑖 represents the weight associated to the asset i with ∑ 𝑤𝑤𝑖𝑖𝑁𝑁
𝑖𝑖=1 = 1. 

The exposure of this portfolio to the Benchmark can be computed as follows: 

𝑅𝑅𝑆𝑆,𝑡𝑡 = 𝛽𝛽𝑠𝑠𝑡𝑡𝑉𝑉𝑉𝑉𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑅𝑅𝑆𝑆,𝑡𝑡 (4) 

 

Where 𝛽𝛽𝑠𝑠𝑡𝑡𝑉𝑉𝑉𝑉𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠 is defined as the Beta of the portfolio with respect to the Benchmark. 

This section seeks to achieve the highest exposure with respect to the Benchmark. It is therefore 

composed of three subsections in which we (1) select, (2) weight and (3) choose the appropriate 

number of components. 

2.1. Selecting the stocks with the highest Betas 

In order to build our model, we first develop the following hypothesis:  

H1: A portfolio composed of stocks characterized by the highest historical Betas with 

respect to the asset we want to have exposure on, will have the highest Beta with respect 

to this asset in the future.  

As highlighted in the previous section, when a stock is weakly correlated with the Benchmark, 

the Beta obtained tends to be high if the volatility of the stock is considerably higher (in Eq. 2). 

In this case, using Beta with respect to the Benchmark loses its relevant feature, which is not in 

line with our hypothesis. Thus, in this case the stock will not be included in our preliminary 

universe.  

When the Beta complies with our requirements, we define the 1Y-Forward Exposure of a stock 

at a given date as the measure of the Beta BS over a one-year period in the Future. Similarly, 

we define the 1Y-Forward Exposure of a portfolio as the Beta of the portfolio over a one-year 

period in the future. Our objective relies on showing that over the entire period of the sample, 

the portfolio composed of the N stocks with the highest Beta BS has a significantly higher 1Y-

Forward Exposure than the other portfolios. 

http://www.melanion.com/
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To do so, we compare the 1Y-Forward Max Exposure of the equally weighted portfolios 

composed of the N stocks with the highest Betas to the 1Y-Forward Max Exposure of a very 

large number of randomly generated equally weighted portfolios for each observation. 

In order to statistically examine this method, we first consider the Gold Benchmark over the 

period 30/12/2005 to 31/08/2020 with weekly observations (N = 765). For each observation, 

we simulate 10,000 random portfolios (N = 7.65 million portfolios). Our results showed that, 

for all the portfolios examined and during the entire period, the 1Y-Forward Exposure was 

always higher for the portfolio with the highest Beta. 

The chart below shows the 1Y rolling Beta of the portfolio that consist of choosing the N stocks 

with the highest 1Y historical Betas (i.e., the Portfolio) for each observation, as well as the 

mean, minimum, and maximum of the Beta of 10,000 portfolios that randomly select N stocks 

from the Benchmark (i.e., the Random Portfolios). At any given point, the chart reports that the 

Beta of the Portfolio is higher than that of the Random Portfolios.   

 

Figure 1. 1Y Rolling Beta: Portfolio with the highest Beta selection (Blue) vs Simulated Random 

Portfolios. 

We have proven statistically that the Maximum Benchmark Exposure Portfolio has a 

significantly higher exposure to the Benchmark than random portfolios. The statistical evidence 

is found in the Appendix. 
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2.2. Weighting the stocks with respect to their Betas 

In this section, we test a second hypothesis, as follows: 

H2: a portfolio in which stocks are weighted by their historical Beta BS will have a 

higher Beta than a portfolio of the same composition with equal weightings.  

To test this hypothesis, we first employed the same assets as in the last model as well as the 

same preliminary universe. We determine a portfolio by selecting N stocks with the highest 

Betas BS and weight them with their Beta BS at each rebalancing date. We then carry out a 

comparison between the Beta of this portfolio and the Beta of strategies with the same 

composition, equally weighted.  

The returns of the Beta-weighted portfolio can be expressed as follows 

𝑅𝑅𝑆𝑆𝑆𝑆𝑠𝑠𝑡𝑡𝑉𝑉−𝑤𝑤𝑠𝑠𝑖𝑖𝑠𝑠ℎ𝑡𝑡𝑠𝑠𝑡𝑡,𝑡𝑡 = �
𝛽𝛽𝑆𝑆𝑆𝑆, 𝑖𝑖

∑ 𝛽𝛽𝑆𝑆𝑆𝑆, 𝑖𝑖𝑁𝑁
𝑖𝑖=1

𝑅𝑅𝑖𝑖,𝑡𝑡

𝑁𝑁

𝑖𝑖=1

 
(5) 

 

Where 𝛽𝛽𝑆𝑆𝑆𝑆, 𝑖𝑖 is the Beta of stock i with respect to the Benchmark. 

The exposure of this portfolio can be express as:  

𝑅𝑅𝑆𝑆𝑆𝑆𝑠𝑠𝑡𝑡𝑉𝑉−𝑤𝑤𝑠𝑠𝑖𝑖𝑠𝑠ℎ𝑡𝑡𝑠𝑠𝑡𝑡,𝑡𝑡 = 𝛽𝛽𝑆𝑆𝑠𝑠𝑡𝑡𝑉𝑉−𝑤𝑤𝑠𝑠𝑖𝑖𝑠𝑠ℎ𝑡𝑡𝑠𝑠𝑡𝑡,𝑡𝑡𝑅𝑅𝑆𝑆,𝑡𝑡 (6) 

 

Similarly, the returns and the exposure of the equal-weighted portfolio is as follows: 

𝑅𝑅𝑆𝑆𝑠𝑠𝑆𝑆𝑆𝑆𝑉𝑉𝑆𝑆𝑤𝑤𝑠𝑠𝑖𝑖𝑠𝑠ℎ𝑡𝑡𝑠𝑠𝑡𝑡,𝑡𝑡 =
1
𝑁𝑁
�𝑅𝑅𝑖𝑖,𝑡𝑡

𝑁𝑁

𝑖𝑖=1

 
(7) 

                                                                                                                          

𝑅𝑅𝑆𝑆𝑠𝑠𝑆𝑆𝑆𝑆𝑉𝑉𝑆𝑆−𝑤𝑤𝑠𝑠𝑖𝑖𝑠𝑠ℎ𝑡𝑡𝑠𝑠𝑡𝑡,𝑡𝑡 = 𝛽𝛽𝑠𝑠𝑆𝑆𝑆𝑆𝑉𝑉𝑆𝑆−𝑤𝑤𝑠𝑠𝑖𝑖𝑠𝑠ℎ𝑡𝑡𝑠𝑠𝑡𝑡,𝑡𝑡𝑅𝑅𝑆𝑆,𝑡𝑡 (8) 

 

In this subsection, we test the hypothesis H2 by comparing 𝛽𝛽𝑆𝑆𝑠𝑠𝑡𝑡𝑉𝑉−𝑤𝑤𝑠𝑠𝑖𝑖𝑠𝑠ℎ𝑡𝑡𝑠𝑠𝑡𝑡,𝑡𝑡 to 𝛽𝛽𝑠𝑠𝑆𝑆𝑆𝑆𝑉𝑉𝑆𝑆−𝑤𝑤𝑠𝑠𝑖𝑖𝑠𝑠ℎ𝑡𝑡𝑠𝑠𝑡𝑡,𝑡𝑡 

for using Gold as a benchmark. 

In the case of Gold, we built the two portfolios between 30/12/2005 and 31/08/2021 and 

compared their exposure to the Benchmark, measured with the 1Y rolling Beta. 

http://www.melanion.com/


 
 

11 
 

Maximum Benchmark Exposure www.melanion.com 

 

Figure 2. 1Y Rolling Beta: Portfolio with the highest Beta selection Beta-weighted (Dark Blue) vs 

Highest Beta Portfolios (equal-weighted). The Beta of the Beta-weighted portfolio is always higher than 

the Beta of the equal-weighted portfolio 

By weighting the stocks according to their Beta, we can achieve a portfolio with a Maximum 

Benchmark Exposure. In the case of Gold, the Maximum Benchmark Exposure Portfolio (i.e., 

weighting using the Betas represented by the dark blue curve) is greater than an equally 

weighted portfolio (i.e., light blue curve) for the whole period. 

Consequently, selecting the stocks with the highest Beta and weighting them by their Betas 

enables the creation of a portfolio with a greater Beta than those of portfolio of the same 

composition equally weighted. It is also true when we select the stocks randomly. This validates 

our assumption that this portfolio is the best way to attribute weights to the stocks. 

Therefore, we conclude that the creation of a portfolio by selecting the stocks with the highest 

Beta with respect to the Benchmark and weighting them with these Betas is the best way to give 

Maximum Benchmark Exposure. 

2.3. Selecting the appropriate number of stocks to minimize the idiosyncratic risk 

In this subsection, we will choose the appropriate number of stocks that would enable us to 

achieve a high exposure to the Benchmark while reducing the idiosyncratic risk. 
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Figure 3. Portfolio risks and number of shares 

Source: retrieved from (Reilly et al., 2019, p.225) 

While the CAPM model introduced two types of risks, it reported that only one type of risk can 

be diversifiable, namely the idiosyncratic or unsystematic risk. As shown in Figure 3, an 

investor can diversify this risk only by investing in multiple stocks. The greater the number of 

stocks held in the portfolio, the less idiosyncratic risk the investor experiences. This has incited 

the authors of the previous literature to determine the optimal number of stocks required to 

achieve the objective of portfolio diversification by mitigating the idiosyncratic risk.  

These studies were initiated around fifty years ago in the late 60s. Among the first authors to 

examine this issue, Evans and Archer (1968) considered 478 securities listed in the Standards 

and Poor’s index over the period 1958 to 1967; they reported that the unsystematic risk is 

mitigated by holding more than eight stocks in the portfolio. They concluded that, “the results 

also raise doubts concerning the economic justification of increasing portfolio sizes beyond 10 

or so securities” (p.767).  

Consequently, several authors have examined these findings. Fisher and Lorie (1970) 

considered stocks listed on the New York Stock Exchange over a forty-year period, from 1926 

to 1965, with several overlapping periods (i.e., one-, five-, ten-, twenty-year periods). The 

authors found that 40% of the reduction in the relative dispersion of returns is achieved by 

holding two stocks, 80% by holding eight stocks, 90% by holding sixteen stocks, 95% by 
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holding thirty-two stocks, and 99% by holding 128 stocks. According to the authors, holding 

eight stocks enabled investors to reach an important level of portfolio diversification, which is 

very close to holding a greater number of stocks. In line with these findings, Elton and Gruber 

(1977) reported that the diversification of the portfolio is achieved by holding a low number of 

stocks, namely 15 stocks. Another study by Statman (1987) highlighted the existence of a trade-

off between the marginal costs and benefits of diversification. In other words, the author stated 

that, “diversification should be increased as long as the marginal benefits exceed the marginal 

costs. The benefits of diversification are in risk reduction. The costs are transaction costs.” 

(p.354). The author found that a well-diversified portfolio includes at least 30 (for a borrowing 

investor) to 40 stocks (for a lending investor). Furthermore, Campbell et al. (2001) found that 

at least 50 stocks are required to reach a diversified portfolio.  

Overall, early studies showed that achieving a well-diversified portfolio required a low number 

of stocks. Despite this common consensus, other recent studies recommended holding a 

substantial number of stocks (i.e., higher than 100 stocks) (Domian et al., 2007). Their findings 

were mainly motivated by a longer time-horizon. Due to these mixed results, ranging from 10 

to 100 stocks, we believe that an important level of portfolio diversification can be attained by 

including 30 stocks in the portfolio.  

Thus, we further demonstrate that the number of 30 stocks could mitigate the idiosyncratic risk 

of a portfolio. In this subsection, we quantify the impact of the number of stocks on the 

portfolio’s returns and volatility.  We show that a reasonable level of diversification can be 

reached by having 30 stocks in the portfolio, as selecting 30 stocks instead of five significantly 

decreases the idiosyncratic risk. 

In fact, while our objective relies on the selection of stocks with the highest exposure, one could 

suggest that selecting a single stock with the highest historical Beta could be more efficient (i.e., 

as the highest historical Beta represents a good indicator of future Beta) to achieve the highest 

exposure to the Benchmark. Indeed, selecting fewer stocks could enable us to reach a higher 

exposure, but it will certainly expose our portfolio to a higher volatility due to the idiosyncratic 

risk. Therefore, our objective is to build a portfolio that is characterized by a high exposure to 

the Benchmark, and the lowest level of idiosyncratic risk.  
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Consequently, we have simulated several Maximum Benchmark Exposure strategies, only 

varying the number of stocks (parameter N) for Gold between 2006 and 2021, and plotted the 

annualized volatility of these portfolios depending on the parameter N. 

As expected, as we increase the number of stocks, the overall volatility of the portfolio lowers. 

Also as expected, as we increase the number of stocks, the average exposure of the portfolio 

decreases.  

We combined these two metrics to create one unique composite metric that enables us to better 

assess the Exposure/Risk profile of a portfolio. 

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 𝑉𝑉𝐸𝐸𝑉𝑉 𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖𝐸𝐸 =  
𝛽𝛽𝑠𝑠𝑅𝑅𝑠𝑠𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠
𝜎𝜎𝑠𝑠𝑅𝑅𝑠𝑠𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠

 

(9) 

With 𝜎𝜎𝑠𝑠𝑡𝑡𝑉𝑉𝑉𝑉𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠 being the volatility of the portfolio. 

 

Figure 4. Evolution of the Expo Vol Ratio with the number of stocks 
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The chart above shows that increasing the number of stocks above 30 does not significantly 

increase the Expo Vol Ratio. Indeed, the opportunity to increase the Expo Vol Ratio by 

increasing the number of stocks in the portfolio is rapidly exhausted. 

3. RESULTS AND FINDINGS 
 

3.1. Gold 

       In this section, the Benchmark is Gold. This will result in constructing Maximum Gold 

Exposure Portfolios which provides a great exposure to Gold. 

The Benchmark is the SPDR Gold Shares (Ticker: GLD US) as it is the largest physically 

backed Gold exchange traded fund (ETF) in the world. Originally listed in November 2004, it 

tracks the Gold spot price. The investment universe is constituted of stocks involved in the Gold 

Mining industry worldwide.  

We built a Maximum Gold Exposure Portfolio with a weekly rebalancing (we select and weight 

the stocks of the portfolio on a weekly basis) between January 2010 and September 2021. 

  

Table 1: Breakdown of the Maximum Gold Exposure Portfolio in the 2010-2021 Period 

Takeaways:  

• Higher annualized return: 15% vs 4% 
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• Higher volatility: 50% vs 15% 

• Higher Sharpe Ratio: 0.30 vs 0.25 

• Highly correlated to the Benchmark: 80% correlation 

• The Maximum Gold Exposure Portfolio portfolio is highly correlated to Gold, but more 

volatile and provides with both higher returns and Sharpe ratio on the long run. 

• The Weekly Hit Ratio is 77%, which means the Maximum Gold Exposure Portfolio 

weekly returns are in the same direction as the Benchmark return 77% of the weeks. 

 

Table 2: Yearly Breakdown of the Maximum Gold Exposure Portfolio between 2010 and 2015 

 

Table 3: Yearly Breakdown of the Maximum Gold Exposure Portfolio between 2015 and 2021. 
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This high correlation is consistent within the years (always between 66% and 87%). We notice 

the same behaviour for the Hit Ratio. The volatility of the Maximum Gold Exposure Portfolio 

is consistently above the volatility of the Benchmark. 

The chart below plots the weekly returns in the considered period of both the Benchmark and 

the Maximum Gold Exposure Portfolio. We also plotted the linear regression between the 

returns of Gold and the returns of the Maximum Gold Exposure Portfolio. 

We observe a high linear correlation between the returns of the Benchmark and the returns of 

the Maximum Benchmark Exposure Portfolios. This strong linear relationship comes with a 

high exposure, as the coefficient of the linear regression is 2.6. This suggests a high exposure 

between the two variables. On average, the weekly return of the Maximum Benchmark 

Exposure Portfolio is 2.6 higher than the weekly return of Gold during the studied period. 

 

Figure 5: Linear Regression of the Maximum Gold Exposure Portfolio Weekly Returns and Gold Weekly 

Returns in the whole period 

The output portfolio is determined as expected. The output portfolio is highly exposed to the 

Benchmark, highly correlated with the Benchmark and provide more volatile returns. 

y = 2.5981x + 0.0026
R² = 0.6398
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3.2. Oil 

In this section, we applied the model to the Oil Benchmark. As with Gold, we selected the 

largest worldwide Commodity ETF (US Oil Fund) as a Benchmark, and we constituted our 

investment universe with stocks from the Oil and Gas industry. 

The main difference between the two Benchmarks is their volatility. Indeed, historically, Gold 

has a lower volatility than Equities, while the volatility of Oil Prices is usually similar to the 

one of equities. 

 

Table 4: Breakdown of the Maximum Oil Exposure Portfolio in the 2010-2021 Period 
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Figure 6: Yearly Volatility of the Maximum Oil Exposure Portfolio and Oil. 

 

The high level of correlation between the Maximum Oil Exposure Portfolio and the Benchmark, 

alongside with the Hit Ratio are consistent over time, suggesting that this methodology is highly 

robust. 

The Volatility of the Maximum Oil Exposure Portfolio is consistently higher than the volatility 

of the Benchmark. 
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Table 5: Yearly Breakdown of the Maximum Oil Exposure Portfolio between 2010 and 2015 

 

Table 6: Yearly Breakdown of the Maximum Oil Exposure Portfolio between 2016 and 2021 

 

 

 

The chart below plots the weekly returns in the considered period of both the Benchmark and 

the Maximum Benchmark Exposure Portfolio. We also plot the linear regression between the 

returns of the Benchmark and the returns of the Oil Maximum Benchmark Exposure Portfolio. 

We observe a strong correlation between the two variables. However, the coefficient of the 

linear regression is 1.2 on the whole period, suggesting that the Maximum Benchmark Exposure 

Portfolio in average multiply the weekly returns of the Benchmark by 1.2.  
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Figure 7: Linear Regression of the Maximum Oil Exposure Portfolio Weekly Returns and Oil Weekly 

Returns in the whole period 
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CONCLUSION 

In this paper, we provide a robust methodology to build a Maximum Exposure Portfolio with 

respect to a given Benchmark. This methodology enables us to build a portfolio composed of 

traditional assets that is highly exposed to a Benchmark. The Maximum Benchmark Exposure 

Portfolio exhibits a high correlation, a high Hit Ratio with respect to the Benchmark, but also a 

higher volatility. 

 Starting from the CAPM, we build a model which identifies the stocks that are the most 

exposed to the Benchmark. The identified stocks are then selected and weighted to achieve a 

high exposure to the Benchmark with a reduced idiosyncratic risk. To test the first hypothesis, 

we composed a portfolio of stocks characterized by the highest historical Betas, which allows 

us to determine which have the highest Beta with respect to this asset in the future. Our results 

showed that, over the entire period of the sample, the portfolio composed of the N stocks with 

the highest Beta BS has a significantly higher 1Y-Forward Exposure than the other portfolios. 

To test the second hypothesis, we determined whether stocks weighted by their 

historical Beta BS or stocks with different methods of weighting had a higher Beta, with higher 

volatility. We conclude from the results that stocks with the highest Beta in respect to the 

Benchmark and weighting them with these Betas provides Maximum Benchmark Exposure. 

The results showed that the high levels of correlation between the Maximum Benchmark 

Exposure returns and the Benchmark returns and of Hit Ratio are consistent over time.  

Here, we find robust evidence that Volatility of the Maximum Benchmark Exposure 

Portfolio is consistently higher than the volatility of the Benchmark. The analysis demonstrated 

a strong correlation with a regression coefficient of 1.2 for Oil (2.6 for Gold), on a linear 

regression of the whole period, suggesting that the Maximum Benchmark Exposure Portfolio 

in average multiply the weekly returns of the weekly returns of the Benchmark by 1.2 for Oil  

(2.6 for Gold). As such, this paper provides an empirically based iterative methodology that 

captures the exposure to a benchmark from traditional assets, while minimizing the 

idiosyncratic risk. 
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APPENDIX 

Statistical Test 

Statistical evaluation of the exposure difference: 

We further statistically evaluate whether a strategy built upon random selection will return a 

significantly lower exposure than one built based on the highest Betas. Thus, we propose the 

following study: 

At each timestamp (i), we perform a unilateral statistical test with these hypotheses: 

 

 

 

where 𝐻𝐻0,𝑖𝑖 is the ith null hypothesis, β𝚤𝚤�  is the expected value of the Beta of a random strategy 

(evaluated thanks to the mean of all our simulations), and βhighest expo,𝑖𝑖 is the Beta of the strategy 

obtained by selecting the thirty stocks with the highest exposure. 

With n, the number of simulations, and 𝑆𝑆𝚤𝚤� , the estimator of the standard deviation of the Betas 

calculated with our simulation, the statistic below follows a Student’s law: 

 

 

Thus, we obtain a list of p-values, with one for each timestamp. We find them all equal to 0.  

Therefore, at each timestamp, we strongly reject the null hypothesis. This implies that we expect 

the Beta of a randomly composed strategy to be lower than the one composed of the highest 

Beta’s equities. 

Overall, selecting stocks with the highest Beta enables the creation of a strategy with the highest 

Betas in comparison to the ones of the portfolio generated from the same preliminary universe. 

This validates our assumption. As such, we will characterize our portfolio as the “highest Beta 

Portfolio”.  
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