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Melanion Capital SAS is a portfolio management company specialized in the dividend futures asset 

class. Created in October 2012, it has benefited from the status of Young Innovative Company (JEI) 

and, in 2014, its expertise was recognized by the award of the "Emerging Manager of the Year" prize.  

Innovation is at the heart of Melanion Capital's business. The need to bring efficiency to niche 

markets while maintaining profitability for our clients is our motivation. This requires us to 

continuously seek new opportunities in ever-changing markets and to be responsive and adaptable. 

Our 4 main historical axes of R&D are : 

• Dividend derivatives; 

• Volatility strategies; 

• Cryptocurrencies; 

• Sports betting. 
 

In order to find alternative volatility strategies, we have recently been looking at dispersion 

instruments in particular. 

Indeed, such instruments can be an interesting alternative to other traditionally used strategies (such 

as calendar spread), especially in the circumstance where volatility levels are globally low but certain 

sectors (or individual stocks) present contrasting volatility levels. 

 

 

II-ECONOMIC AND SCIENTIFIC CONTEXT  
 

II-1 -Economic context  
 

The field of investment is constantly searching for an optimal portfolio: the one that will optimize the 

risk/return ratio according to the modern portfolio theory developed by Markowitz (1952).  

As a result, many indicators and statistical models are being developed to better assess this risk and 

return. However, despite this multitude of instruments, volatility remains the key measure of risk. 

All players are looking to control volatility, which brings with it a lot of new management methods 

and especially new instruments, allowing to take part in this management in a simplified way: 

creation of ETF's, VIX, option-based strategies... 

Volatility is an indicator of risk, but it is increasingly considered as an asset class on its own, allowing 

for portfolio diversification. 1 

Another point to emphasize is asset correlation. It should be noted that in recent years the appetite 

for correlation exposure has been growing. Structured products desks are generally looking to buy 

correlation to hedge their risk, and end clients (hedge funds, asset managers) are willing to take that 

risk to make a profit. Unfortunately, correlation is not a liquid product and even less listed. 

To meet this demand, STOXX created the Euro Stoxx 50 Realized Dispersion Index (SX5EDISP) in 

November 2019. Eurex Exchange in turn was to issue futures listed on SX5EDISP in the first half of 

2020. But we will notice later that this listing has been postponed due to the health crisis.  

We want to be a pioneer in this index future that could become liquid. Mastering the valuation of this 

product could be interesting for many players in the field. 

 
1 https://www.agefi.fr/asset-management/actualites/hebdo/20151210/volatilite-actif-parachute-147053. 
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Melanion, which has been specializing in volatility trading for years, wants to understand this new 

asset class for which no existing method has been developed yet.  

 

II-2 Euro Stoxx 50 realized dispersion future  
 

The pricing of financial instruments, such as exotic options, is a major issue for financial institutions. 
Investment and risk hedging solutions use exotic options based on one or more sets of underlyings 
among stocks, stock indices and other derivatives. The popularity of exotic options has increased 
recently, mainly because of their almost unlimited flexibility and adaptability to any circumstances. 
The downside of exotic options is their complexity. Because of this, many exotic options do not have 
analytical solutions. As a result, numerical solutions are a necessity. 
 
Exotic options are complex products that have been a significant market since 1990. The name 
"exotic option" is intended to differentiate them from standard European or American vanilla 
options. These options are only traded on OTC markets (Over the Counter) as opposed to so-called 
"standard" options traded on organized markets. These options are designed to meet the specific 
needs of large financial groups, insurance companies, pension funds, etc... 

It should be noted, however, that this notion of "exotic" remains quite relative, because as a financial 

product becomes very liquid, it gradually loses its exotic character.  There are many exotic options2.  

As new exotic options appear, it becomes necessary to develop methods to understand them.  

 

Bermuda Option  Option exercised on specific dates before maturity. 

Option Caput Call option on put option. 

Asian option 
(average) 

An option that compares the strike price to the average price of the underlying asset 
over the period. Because they use an average price instead of a daily price, Asian 
options have less implied volatility and are therefore generally less expensive than 
American or European options. 

Compound Option Option applied to another option. 

Basic Selection 
Option  

The option holder chooses before maturity whether to exercise a call or a put. 

Complex Selection 
Option  

The option holder has the right to choose before maturity whether he will exercise a 
call or a put at different times with different strike prices. 

Barrier Option An option whose payoff depends on whether or not the price of the asset reaches a 
specified level. The Knock-in option (up-in call or down-and-in put) only comes into 
existence when the underlying asset reaches the specified barrier. Conversely, the 
Knock-out option (down-and-out call or up-and-out put) ceases to exist if the price of 
the asset reaches the specified barrier. 

Fixed look-back 
option 

At maturity, the market price used is the most favorable price recorded during the 
period, which is compared to the exercise price set in advance. 

Floating look-back 
option  

The exercise price is not fixed in advance, but is only known at the maturity date. It 
corresponds to the most favorable market price recorded during the period. Thus, the 
market price at maturity is compared to the most favorable market price of the 
period. 

Rainbow option  
 
 

Call (or put) option on the most (or least) favorable outcome of a basket. 

 
2  R.A. Brealey et al," Principles of corporate finance," tenthedition, Mc Graw-Hill Irwin, New York, 2011, 
pp.240-267,502-554. 
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European option 
with dividend 

European option of an asset that generates a dividend. Part of the value of the asset 
includes the present value of the dividends. However, the option holder is not 
entitled to the dividends. Therefore, to value a European option on a dividend-paying 
security, the asset price must be reduced by the present value of the dividends to be 
paid before the option matures. 

American Option 
with dividend 

American option of an asset that generates a dividend. 

Forward start 
option  

A future start option begins at a specified future date with an expiration date defined 
later. However, the premium is paid in advance and the expiration time is set at the 
time of purchase of the option. 

Option on Future The underlying security is a Forward or a Future. 

Option Spread The Spread option consists of buying and selling several options on the same 
underlying asset but with different strike prices and expirations. An example of this is 
the Call Spread, which is a combination of buying one call and selling another call at a 
different strike price. 

Table 1: Some exotic financial options (Brealey et al., 2011, p.544). 

 
From a technical point of view, the ambition of this project is to better understand the pricing of 
exotic options or futures. 
Let's now look at the realized dispersion index of the Euro Stoxx 50 (SXEDISP.). The Euro Stoxx 50 is 
one of the largest and most liquid indices. In addition, this index is used as an underlying for 
derivative products such as options, futures and ETFs. 
Its definition given in [17], specifies that the value of the index is reset every third Friday of 
December. Thus, by agreeing that the numbering starts this day, this value verifies I0 = 100 and : 

 

 

By defining, for any stock (or index) i and any date t, the daily log-return of the associated underlying, 

in absolute value and suitably truncated : 

 

With r0 = 15%. In the above, we have noted wi,t the relative weight of the floating capitalization of 

stock i in the Euro Stoxx 50 (see [17]). 

 

Figure 1: Values of the Euro Stoxx 50 dispersion index over the first half of 2020. 
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Let us now present the future associated with this index, as described in [9]. Its maturity T is first the 
third Friday of December of the current year. Noting t the filtration of the information known on day 
t, its current price is thus given by : 

  (1) 

Where we have posed, for any stock (or index) i, 
 

 
 
The previous approximation comes from the fact that the relative weights of the components in the 
Euro Stoxx 50 vary (generally) little over a current year. Moreover, Eurex confirms (in [9]) the validity 
of this approximation by comparing the values of its dispersion index with those obtained by taking 
constant weights over the current year. 
 
The value of this index is incremented every day according to the returns of each stock in the 
Eurostoxx and the Eurostoxx index. It is thus possible to see that this is an index that will increment 
when the correlation is low.  It is an exotic product that allows to have an exposure to the correlation 
of the Eurostoxx. However, today, there is no valuation method for this product.  
 
Our research consists in developing a pricing model for this index, by focusing on local volatility. This 
would also allow us to do correlation trading afterwards. 
 

III-  THE PROJECT  
 

III-1- Objective  
 
The objective here is to value in real time an exotic product: the future on Realized Dispersion Index.  
In order to do so, it becomes necessary to define the best valuation methodology: find the right 
equity option pricer in order to generate a good local volatility layer that can be reused later.  
 
The objective for Melanion is to address the local volatility issue for these exotic options. To define a 
fairly generic method allowing the evaluation of these options and this by considering a wider 
spectrum of discrete dividends on stocks). 
 
As the value of this index is incremented every day according to the returns of each stock in the 
Eurostoxx and the Eurostoxx index. It is thus possible to see that this is an index that will increment 
when the correlation is low.  It is an exotic product which allows to have an exposure to the 
correlation of the Eurostoxx. 
 
Another objective is to be able to deal with correlation quite explicitly and quickly: by transforming 
the price of a future into a correlation level. To do this, we have a large environment of existing 
derivatives, notably vanilla options (American and European) on stocks and indices. These will allow 
us to calibrate our model for the moment. 
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III-2-Scientific and technical uncertainties, technological barriers and constraints  
 
The first uncertainty of this project is its atypical aspect. We have not found any papers in the 
literature on this index. When the work was launched, the SXEDISP index had just been created, 
underlying futures would appear but there were no associated valuation methods. It is difficult to 
obtain information on this "exotic" product. One track of research that we address in the literature 
review concerns the models developed for exotic options.  
 
Although specific models have been developed, notably in the context of particular exotic options 
(notably by Bergomi in [3, 4]). For the moment, there is no research carried out or model adapted to 
the pricing of an option or a future on a sum of daily returns. The pricing of a future on SX5EDSIP has 
therefore not been addressed in the literature and the need for innovation is complete. 
 
In general, options can be evaluated by the Monte Carlo method. We show in our exploratory work 
that the use of such a method is not applicable in our application context.   
Another challenge is to ensure that our vanilla option pricing models are viable and efficient, 
especially in the case of discrete dividends. 
 
Also, considering the case of Monte-Carlo with discrete dividends, this will require an exponential 
number of simulations with the number of dividends: it will be necessary to redo a large number of 
simulations at each dividend fall. The use of this type of model therefore poses significant technical 
obstacles in terms of computational complexity. 
If we also consider the Dupire approach, which is widely used in the context of vanilla options, this 
method also has its drawbacks:  

• The local volatility surface obtained by Dupire's formula is very sensitive to the data 
interpolation method. 

• The only risk factor is the underlying; it is impossible to take into account volatility risk. 

• The calibrated local volatility surface is not stable over time. 

• The volatility dynamics recommended by the model do not correspond to those observed in 
the market. 

• Calibration cannot be performed consistently with the historical estimate (full market) 
Thus, in the context of exotic options, Dupire's formula is no longer applicable and the construction 
of a local (nonparametric) volatility becomes a non-trivial issue.   
 
It is therefore necessary to ensure that an optimal method for determining this local volatility is 
defined.  
We are thus entering a totally exploratory and uncertain phase.  
 
From a practical point of view, we note the following difficulties that had to be taken into account 
when pricing the index:  

- Having gamma on the underlyings all the time;  

- We need to be able to deal with options of all strikes because we do not have strikes in the 

strike markets; 

- The gamma must be constant (and you must be able to find a good balance!) ; 

- You have to be able to do the delta hedges; 

- The option is capped at 15%.   

 
After having recalled in the first part the pre-existing works on option valuation modeling, we present 
in this report two attempts to answer the problem raised. 
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IV-  STATE OF THE ART  
 

IV-1- The local volatility model  
 

After the introduction of the notion of volatility and the historical Black-Merton-Scholes model 
(1973), a model for obtaining market prices was then proposed by Derman-Kani and Dupire (notably 
in his article [7]) in 1994. Specifically, these authors define the local volatility, the simplest function 
allowing to simulate trajectories whose vanilla option prices (calls and puts) correspond to the prices 
observed on the markets, for the different strike prices and maturities available. 
Explicitly, for an underlying asset assumed to pay no discrete dividends, the value of the stock at time 
t obeys the stochastic differential equation : 

 

With rt the risk-free interest rate at time t, qt the continuous dividend rate at time t and (Wt) a 

standard Brownian motion associated with the risk-neutral probability. The local volatility is defined 

through the prices of market calls, via the following Dupire formula (see [7]): 

 (2) 

Although this model solves the problem of calibrating volatility (and the associated model) to vanilla 

options markets, much work has had to be undertaken since then. 

First, Hagan, Kumar, Lesniewski and Woodward noted in [11] that the smiles (vanilla price curve 

quoted in implied volatility and represented as a function of strikes) of the local volatility model 

behave in a way that is contrary to the market smiles when the current price of the underlying varies; 

they thus gave rise to the SABR (Stochastic Alpha Beta Rho) model, which is still in use today because 

of its interesting performance. The interest of this model is that it allows us to obtain the implied 

volatility of market prices using an analytical formula. It also allows to capture the dynamics of the 

volatility smile for each option maturity and strike. The SABR model is particularly efficient because it 

allows us to price options in a wide range of maturities and strikes with only a few observations. 

Moreover, this model has become quite popular with market makers over the last decade. 

On the other hand, this model has certain disadvantages. The parameters must be computed for 

each maturity and their value may be unstable over time, making it difficult and imprecise to smooth 

the volatility surface as a function of time and strike. Second, and this is of particular interest to us 

here, this model does not address the problem of pricing non-vanilla options.  

 

IV-1-2- Stochastic Local volatility models  
 
For a given underlying, other options can indeed be encountered. First of all, variance and volatility 
swaps are common examples of OTC instruments to protect against unexpected changes in realized 
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volatility (defined below). Secondly, other more exotic products based on the monthly returns of an 
underlying (such as the Napoleon, the Accumulator or the Inverse Ratchet) have also met with some 
interest from investors wishing to be exposed to realized volatility. Finally, on the Standard & Poors 
500 index or the Euro Stoxx 50, futures and options markets on the associated volatility index (the 
VIX or the VStoxx) do exist. 
We then present models developed in the context of exotic option pricing.  
 

IV-1-2-1 An example of a stochastic volatility model: the Bergomi two-factor model  
 
In order to correctly predict the examples mentioned above, Bergomi introduced in [4] a two-factor 
model, described in fact by a large number of parameters for each maturity. 
In this framework, we try to model the volatility by means of the forward variances defined using the 

filtration Ft of the information known at date t by for all the maturities T.  With the 

identity  , this model turns into stochastic volatility : 

 

Let us now describe the Bergomi model proper. For some ν > 0, the forward variances verify : 

 

With, for some parameters θ Є ]0, 1[and k1, k2 > 0, 

 

Where, for some parameters γT ∈]0, 1[and ωT, βT > 0, 

 

Where X1, X2 are two Ornstein-Uhlenbeck processes such that and defined by : 
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T 

And finally:  

 

In the above, W1 and W2 are two standard Brownian motions such that the correlation matrix of W, 

W1 and W2 is :  

 

One important result obtained is the following (see [3, Chapter 7]): there exists a choice of 

parameters ν, k1, k2, θ, ρS1, ρS2, ρ12 and, for any maturity T, βT, γT , ωT such that the associated 

stochastic volatility model provides market prices for VIX options and futures of all maturities. 

 

IV-1-2-2-Local stochastic volatility models  
 
Even if the instruments we are trying to price are a priori far from vanilla options, it may nevertheless 
be interesting to use a model that also gives vanilla prices corresponding to market prices. Indeed, 
given a fixed underlying with current value S0 , let us consider the case of a variance swap. Its 

terminal payment is N, the notional amount, σstrike the strike price of the 
volatility and the variance defined by :  

 

T - t representing the number of working days until the maturity T of the instrument. Then, in a 

model such as : 

(3) 

The price of this variance swap is well approximated by : 

 

According to the ITO formula.  

Note also that the log-contract, with terminal payoff ln (ST), is replicable from vanilla options 
(according to the Carr-Madan formula). Even for this realized volatility hedging instrument, it may 
therefore be interesting to use a volatility model that also calibrates to vanilla options. 
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v 

1 

- − 

8
 

3/2 

0 

 
 
More surprisingly, the previous heuristic also applies to the pricing of volatility swap options, which 
can be simply reduced (even if we do the same affine operations as before) to the pricing of a 

terminal payment option, noted VolS in the following. 
 
Indeed, even if it is more difficult to replicate these options directly from the vanilla market, the 
Taylor-Young formula in the vicinity of v0 : 
 

 
 
This leads to the following Brockhaus and Long approximation [5] for the VolS option price: 

 
Provided that we choose a value for v0 that is not too far from an estimate of the VolS option. 
 

As a result, and even though the price of a volatility swap can vary considerably depending on the 

volatility model used (see also [5]), it seems worthwhile not to deviate too much from a local 

volatility model when one wishes to price volatility swaps appropriately. 

Before concluding these reminders, however, note that it is possible to retain additional leeway with 

respect to the local volatility model - which can be useful, for example, if one wants to 

simultaneously price an instrument more distant from vanilla options. 

Indeed, again according to Dupire's work, a necessary and sufficient condition for calibration of 

model (3) to the vanilla market is: 

 

so that by defining the function : 

 
 
 
We obtain a model automatically calibrating to the vanilla market (and this, whatever (σt)), a model 
with local stochastic volatility then given by : 
 

 
 

0 , 



bfg 

11 
 

Pricing SX5EDISP Future  
www.melanion.com 

 
 
 
 

 

V-R&D  WORK  CARRIED  OUT   
 

V-1- Exploratory work  
 

V-1-1 Evaluation of generalist approaches to exotic options  

 
Due to the very exotic nature of the future to be priced, it is natural to first use a Monte-Carlo type 
approach. This technique, which has been widely used in the financial industry for decades, is based 
on the law of large numbers (see for example [16]). 
In this context, the question of modeling comes down to the choice of volatilities associated with the 
various stocks. The formula for the Future price (1) is then written : 

 

 
With, for any stock (or index) i, 
 
 

(4) 
Where we put δt = 1/252. 
 
Here σi is the volatility contained in the (discrete) model of the evolution of the stock value between 
dates s -1 and s : 
 

 
Denoting Zsi a normal centered reduced random variable independent of Fs-1. 
Indeed, under the previous model, the daily log-return defined above is written, for all s > t, 

 
Since δt << 1 and according to the asymptotic ln (1 + t) = t + O(t2) in the neighborhood of 0. We can 
deduct from this:   
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Given that, for any positive real x, for any Gaussian centered 
reduced random variable Z. 
 
In view of the approximate formula (4), it becomes necessary to highlight the importance of the 
model to be chosen to control volatility. 
 
Indeed, in view of the approximate formula (4), we understand the importance of the model chosen 

for volatility. However, a first approach is to choose a local volatility model, in order not to move too 

far away from a model that correctly prices volatility swaps. 

Indeed, according to the Cauchy-Schwartz inequality, the previous approximation of Pi, t verifies: 

 

Similarly, since the square root function is subadditive, it comes: 

 

In particular, these last two inequalities show that, at least when T - t is small, the price Pi, t is conditioned by 

the price of the volatility swap option of the same maturity on stock (or index) i. 

In view of the relationship previously mentioned between the volatility swap and variance swap options, it 

seemed legitimate to test a local volatility model first. Then, we tried to solve the problems related to discrete 

dividends. 

 

V-1- 2 The discrete dividend management problem  
 
Before specifying a definition of local volatility and the associated (continuous) model, it should be 
noted that the treatment of discrete dividends is not directly possible in this framework. For this 
reason, the financial literature has dealt more with the valuation of derivatives on underlyings paying 
continuous or proportional dividends, but little with discrete dividends. Only a few solutions have 
been proposed that fit into a specific framework. We present them below. 
 
Local Volatility:  
One solution aimed at by Bergomi (see [3, Section 2.3.1]) is to model a dummy underlying with 
reinvested dividends.  Thus, if S denotes the discrete dividend-paying underlying, the underlying with 
reinvested dividends X is defined by : 
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 (5) 

With , the amount of the discrete dividend detached at time ti (comprising a 
proportional part to the underlying and a purely monetary part), 
 

 
 
The prices of the calls on S are expressed using the prices of the calls on X: the no-arbitrage condition 
leads to the relationship: 
 

(6) 
 
We can thus deduce a (first) model with local volatility, given through the process X - without drift 
and with the same initial value as S : 
 

 
With   

 
 
Implied Volatility:  
It should also be noted that, in this context of discrete dividends, the definition of implied volatility 
no longer necessarily corresponds to the usual Black-Scholes formula (the forward and the model 
itself are modified). In order to make the calculations more efficient, Bos and Vandermark describe in 
[6] a method consisting in adapting only the parameters of the Black-Scholes formula giving the price 
of a European call option. If CBS (S0, T, K, σ) denotes this formula, they suggest using the 
approximation : 
  

(7 ) 
With  
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These are interesting avenues that we can use to develop our model.  

 

V-1-3 Approach and resulting methodology  
 
Our first phase of work highlighted an important point: the modeling of volatility. 

Thus in setting up this pricing model for this exotic option, it is necessary to be able to determine a 

good local volatility. This calculation of local stock volatility must also take into account the fact that 

we may be dealing with stocks with discrete dividends.  

Since we have no pre-established models, our work is part of an exploratory approach for which we 

have proceeded in an iterative manner.  A first research track, as in some models dealing with exotic 

options, is to be interested in predicting this index by approaching the local volatility with a 

probabilistic type approach.  Then we experimented with a partial differential equation approach. 

 

V-2- Probabilistic approach: calculation of local volatility  
 
In the case where we have access to the market prices of European vanilla options, it is theoretically 
possible to have access to the local volatility. However, in practice, we notice that only a finite 
number of prices are accessible. This complicates the implementation of this calculation and makes it 
problematic to generate a complete volatility table. 
 
To be able to answer this problem, a first approach was to use our in-house SABR model. This is a 
model for which the parameters have been changed and calibrated. The calibration of the 
parameters of this model is done by minimizing the mean square deviation between the market 
prices of vanilla options and the prices given by the previous implied volatility. 
 
In this application framework, the forward price of the stock verifies F0 = S0 and, for some parameter 
β > 0, 

 
With σ a process following a geometric Brownian motion (of initial value σ0, a fixed strictly positive 
real) : 

 
 
In the above, (Wt) and (Zt) are two standard Brownian motions of correlation coefficient ρ Є] 1, 1[: 

 
 
The advantage of this model is that it has only four parameters to evaluate for each option maturity: 

- σ0 conditions the level of at the money volatility; 

- the volatility of the volatility α has a convexity effect on the volatility ; 
- the correlation ρ impacts the skew ; 

- β also impacts the skew and as well as the type of price distribution (more or less log-normal). 
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Another advantage of a SABR model is that the implied Black-Scholes volatility of a vanilla option of 
maturity T and strike K is directly accessible, via the following approximate formula (valid in the 
vicinity of the money and for short maturities) : 
 

 
 

In our study framework, we agree that at the money.  
Therefore, we assume that :  
 

 
 
Following this first approach, we can calculate the local volatility of a given underlying.  
Our approach consisted in completing the matrix of market prices of vanilla options into a continuous 
layer of prices, defined from the parameters of the calibrated model.  
Let us emphasize, however, that it is impossible to use Dupire's formula (2) directly since we only 
have a discrete number of option prices. As pointed out by many authors (see for example [3, 
Paragraph 2.3.1.2]), Dupire's formula is not very usable numerically. Indeed, the numerator and 
denominator become negligible outside (or inside) the money very quickly, which leads to a 
significant instability in practice: even in the (purely theoretical) case where the implied volatility is 
constant, the formula is directly unusable. 
To overcome these problems, Gatheral recommends (in [10]) the use of another formula, linking the 

local volatility to the local variance defined by   
 
Explicitly, this formula is written:  

(8) 
With the log-strike :  

 
 
However, it is not directly exploitable in our context. We had to adapt this approach to the case of an 
underlying paying discrete dividends. To do so, we were inspired by the work of [3].  
Thus using the Bos and Vandenmark approximation, the approximate formula obtained is as follows: 
 

(9) 
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V-2-1- Modeling  
 
In this section, we describe the approach to be used to compute the local volatility of an exotic 
option with discrete returns, based on the prices of European vanilla options.  
The SABR model chosen in the vanilla options market of the considered underlying needs to be 
calibrated. The second step would be to globally define the total variance.  For this definition, we 
note that several approaches are possible. 
 

i. First, generate the full table of implied volatilities and total variances from the parameters of 
the calibrated SABR model, then apply formula (8) (with relation (9)) to obtain the local 
volatility associated with the market. 
 

ii. First interpolate the total variance from the total market variance matrix. We choose to 
interpolate linearly with respect to time and quadratically with respect to strike price: at the 
points defined by the market maturities T1 < _ _ _ < TN and strike price K1 < _ _ < KM.   
 

We first compute the partial derivatives (appearing in (8)) using the approximations3 . 
 

 
 
 
However, at market maturities and exercise prices, the local volatility will then be given by the 
relations :  
 

 
 
And : 

 
 
It is thus possible to access the local volatility in any values of T and K by linear interpolation of the 
matrix of local volatilities already defined at the points (Ti,Kj)i,j . 
 

 
3 Note that the corresponding grid is a priori irregular.  
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V-2-2- Results  
 
To highlight this model, we have chosen to use the same local volatility principle to compute vanilla 
option prices.  This will allow us to compare the results with real data. Then, we focus on the 
calculation of exotic options and futures prices. 

 

V-2-2-1 Vanilla Options Pricing 

 
First, let us present the results obtained when we use the previous local volatility to compute vanilla 
option prices. Recall that the associated model is : 

 
And that vanilla option prices can be computed via a Monte-Carlo approach: given simulations 

of the paths (with NMC at least equal to 104), an approximate value of the price is 
provided by : 

 

 
 
We then carried out various numerical experiments.   
 
During our numerical experiments, we finally chose to favour option (ii) above. Indeed, it has the 
advantage of depending only on the chosen SABR model for the calculation of the approximate 

values of the implied market volatilities, which gives better results compared to option (i) (we set β 
= 1 in the SABR model). 
 

 
Table 2: As of February 17, 2020, differences between the market prices of calls and those given by the local volatility model 
(measured in volatility points). The strike price is expressed as a percentage of the current spot value. 

 

 
Table 3: As of February 20, 2020, differences between the market prices of calls and those given by the local volatility model 

(measured in volatility points). 
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Table 4: As of March 4, 2020, differences between the market prices of calls and those given by the local volatility model 

(measured in volatility points). 

 

These results on the Euro Stoxx 50, presented below and obtained with NMC = 106 Monte-Carlo 
simulations, are nevertheless disappointing. Indeed, despite the very large number of Monte-Carlo 
simulations (which induces an asymptotic confidence interval size of 95% of the order of a cent), we 
note too large differences (almost of the order of one point of volatility), even though the calibration 
of the SABR model remains of comparable quality for the different dates. 
 

V-2-2-2 Price calculation: SXEDISP index 

 

With the reservations arising from the above results, we present, however, still using the previous 
local volatility, the prices obtained on the one hand for the volatility and variance swaps of the Euro 
Stoxx 50 components (as well as the index itself) and on the other hand for our main object of study, 
the future on the realized dispersion index of the Euro Stoxx 50 
 
As is often the case in practice, the current (day 0) prices of the swap options will be defined through 

the terminal payment ( for volatility swaps) or through the square root of the 

terminal payment option price ( for variance swaps). 
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Table 5: As of January 20, 2020, prices (in euros) of the volatility and variance swaps, all maturing in December 2020, 
accompanied by the bounds of the asymptotic confidence intervals (at the 95% level). The prices are obtained with NMC = 104 

Monte Carlo simulations. 
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The prices of the volatility and variance swaps of the various components of the Euro Stoxx 50 (as 
well as for the Euro Stoxx 50 itself) seem consistent with the current prices of these OTC instruments, 
with the notable exception of those of Engie (ticker ENGI FP Equity)4 . 
 
With the same method (using the previous calculations for the log-returns), we also obtain an 
estimate of the price for the future of the Euro Stoxx 50 realized dispersion index, still as of January 
20, 2020 (and for maturity December 2020). 
We obtain a price of 184.80 euros, which seems a little high compared to the historical values 
actually realized in previous years (on average over the previous five years, a value of 179.42 euros is 
noted).  
 
The problem that arises is at the level of the Engie share, there is a bias that distorts the calculation. 
We have not yet managed to characterize this bias and work is still in progress to explain this 
phenomenon. Nevertheless, it is necessary to have the 50 shares of the Eurostoxx to be able to 
predict this index. We have therefore used the value found for Engie in our calculations, which would 
partly explain these results. 
 
In view of the above-mentioned problems, it seems clear that the method used to calculate local 
volatility could be reviewed. An alternative approach was therefore considered. 
 

V-3- Approach by partial differential equations  
 
Because of the previous slightly uncertain results, we found it interesting to implement another 

approach which is also inspired by the work of [8] for example. 

Recall that, according to the formula defining local volatility, the prices of call options on a certain 
underlying S that do not pay dividends satisfy the parabolic partial differential equation of Dupire. 
The computation of local volatility from call prices can thus be seen as an inverse problem associated 
with the previous parabolic partial differential equation. This approach, although dating from the late 
1990s, is still the subject of active research today, as shown in the articles [1, 8]. In practice, however, 
we must beware that Dupire's formula is only verified in the case of an underlying that does not pay 
dividends. In the general case, we must therefore return to the considerations of the previous 
section: in the following, we will therefore implicitly work with the prices of call options on the 
underlying with reinvested dividends X, defined by relation (5) and whose prices are accessible via 
relation (6) and the prices of options on S. 
Explicitly, since X is driftless, the partial differential equation verified by the European option prices 
on X is written : 

 (10) 

 
In order to simplify the notations, the exponent X will be omitted in the following. 
 

V-3-1- Accrual method  
 
First, we proceed to the analysis of the regularization method proposed by Tykhonov and presented 
in [8]. Given the values of the best market bids and asks and corresponding to different exercise 

 
4 Obtained by a non-affine transformation, the confidence intervals of the square roots of the variance swaps 
are not symmetric with respect to the reference prices. 
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prices Kj and maturities Ti ⩽ Tmax, we consider a collection of average prices (Cmkt (Ti, Kj)) and seek 
to determine a function a = σ2loc/2 minimizing the functional :  

 
Where C(a) denotes the solution of equation (10) (with a = σ2loc/2), f is a regular function to be 
specified and where β > 0 denotes a regularization parameter. Typically, f will be defined via the 
norm of a-a0 in a Sobolev space (with a0 an often constant value) and β will represent the weight of f 
in the functional to be minimized. 
 
Due to the imprecision of the market data (materialized in particular by the spread between the best 
bid and ask), the solution of the functional minimization problem for β = 0 (i.e., again, the calibration 
to the market data) often provides a very irregular and numerically unreliable local volatility.  
The idea of the regularization method is thus to take into account this market imprecision: if δ is a 
measure of it, we can show (see [8, Proposition 3.2] or [1, Theorem 7]) that a choice of β such that 
δ2/β tends to zero with δ allows us to recover the local volatility in a numerically stable way. 
Morozov's discrepancy principle, is thus found stating that a "good" choice is to take β and δ of the 
same order of magnitude. 
To conclude this analysis, let us recall that the essential idea to minimize the functional Jβ in this 
context is to use a suitable gradient descent method (see [8, 1] for theoretical justifications). We thus 
better understand the interest of working with “a” rather than directly with the searched function 
σloc (the dependence of C and thus of Jβ on its variable is simplified). 
 
V-3-1-1 Melanion method: change of variable 
 
We present below the method followed in our work. For its implementation, we, have been inspired 

by the work of [1]. First, with respect to the variable y = ln(K/S0) and noting  

the new unknown u (τ, y): = verifies the partial differential equation:  

(11) 

 
 
In the following, we will simply write a instead of ¯a. We also define a0 as the constant function 
worth 0.08 and f by the expression : 

 

the space, relative to the 
Lebesgue measure, of measurable functions on D and of integrable square. 
 
In practice and for a given value of a, a constraint is to discretize equation (11) to solve it 
(approximately) and calculate Jβ(a). In particular, the domain D will be replaced by [0, Tmax] x [- L, L]  
 
with L > 0 a certain constant (e.g. L = 5) and the functional datum a (as well as the associated solution 
u(a)) is also discretized and assimilated to a vector of reals. 
 
Specifically, if Δt and Δy denote the discretization steps associated with the variables τ and y, the 



bfg 

22 
 

Pricing SX5EDISP Future  
www.melanion.com 

Crank-Nicolson associated with equation (11) is 5: 
 

(12) 

 

 
 
It is well known (see for example [2, Chapter 2]) that such a scheme is numerically stable regardless 
of the values of the time and space steps, and that its consistency error is of order two, in time and 
space. 
The results, after numerical simulation, presented below, are indeed satisfactory - at least in the 
particular case of constant volatility (and any dummy underlying). 
 

 
Table 6: As of January 2, 2020 and for a constant local (artificial) volatility level equal to 20%, errors committed on prices by 
solving (12) (measured in volatility points). 

 

Table 7: As of December 18, 2019 and for a constant local (artificial) volatility level equal to 30%, errors committed on prices 
by solving (12) (measured in volatility points). 

 

 
V-3-1-2 Calculation of the gradient 
 
Before detailing the computation of the gradient of the functional Jβ, we should first adapt its 
definition to the discrete framework used here (recall that its variable a is seen as a vector of reals). 
Keeping the previous (ci)0⩽i⩽2 values, we have:  
 

 
5 Precisely, this relation holds for integers k, l such that 0 ⩽ k < kmax and 0 < l < lmax. 
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As well as : 
 

 
It is important to note that at this point we depart from the previously mentioned reference [1] 
(which does not take into account the discrete nature of the unknowns) in order to be able to 
compute the exact gradient of Jβ (and not an approximated gradient, given via the discretization of 
the solution of the adjoint PDE of relation (11)). 
With respect to the scalar product associated with this discretization6, the gradient of f (after some 
calculations) is given by its coordinates : 

 

In order to calculate the gradient of the remaining part Jβ=0, we now need to determine the 
differential of a u→(a). Starting from equation (12), we show that the derivative q: = u′(a)(h) in the h-
direction (any vector of the same format as a) verifies the discrete partial differential equation : 

 
Noting that the gradient of J0 is expressed using the adjoint of the operator u′(a) (we have precisely

 one calculation similar to the previous one shows that :  
 

 
 
Where x is determined by the following adjoint equation: 
 

 

6 That is, defined explicitly by the formula < a, b >=  
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(13) 
Here again, the solution of equation (13) is numerically stable (as long as the values of a do not vary 
too abruptly). 
 
V-3-1-3 Descent method 
 
Once the gradient of Jβ is determined, we still need to specify the chosen descent method as well as 
the value of the parameter β. 
We thus perform a linear search for the direction of descent given by the gradient and whose step is 
chosen according to the Armijo-Wolfe rule (see for example [15, Algorithms 3.5, 3.6]).  
 
The initial value of a is taken equal to the constant value a0. Regarding the value of the regularization 
parameter β, despite the principle of discrepancy recalled earlier, it is tricky to choose it directly. We 
therefore experiment by testing different values of β, between 0.01 and 100; the value of β being 
chosen so that the local volatility obtained at the end of the gradient descent corresponds to market 
prices. 
 

V-3-2- Results  
 
V-3-2-1- First results  
 
Let's apply the above to the Euro Stoxx 50 Index, whose European options are actually traded on the 
markets. 
The method, although promising (it does not depend on the choice of any calibration model), 
unfortunately does not give the expected results. Indeed, in addition to the very large discrepancies 
noted below with market prices, we find a large numerical instability on the gradients, regardless of 
the value of β. 
The proposed method therefore does not converge in this case and the results obtained are no 
better than those obtained by keeping the local volatility constant. 
 

 
 

Table 8: As of February 6, 2020, errors made on prices given by local volatility obtained by gradient descent (measured in 
volatility points). 
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VI-  CONCLUSION  
 

VI-1- Results and knowledge acquired  
 
In this work, we have explored the subject of an underlying model adapted to the valuation of exotic 
options and futures, in particular with respect to the SXEDISP index.  
We have laid the first building blocks of a theoretical approach. Even if they are not sufficient to 

answer the questions posed, our theoretical approaches have enabled us to acquire a better 

knowledge of the volatility to be modeled. We are in a conceptual phase to establish a pricer in a 

theoretical way. We have developed two models:  

- A model based on a probabilistic approach 

- A model based on partial differential equations 

These two methods do not allow us for the moment to approach the pricing of this option because 

we still lack some data. But we can already say that the model based on the probabilistic approach 

seems promising. Moreover, our numerical results, although still perfectible, have allowed us to 

construct the local volatility that is essential for any mathematical modeling worthy of the name. 

One hindrance to this work is that the future has not been listed in 2020 as originally planned. So we 

have to wait for it to be listed so we can calibrate the model and see if it is not underestimated.  

 

VI-2- Perspectives  
 

Computation of local volatility from US option prices. 

For the moment, we only have data on American options on Euro Stoxx stocks. The only volatility 
data comes from American options. Thus, in order to create a local volatility layer, we need to start 
from this American options environment.  
 
Our next ambition would have been to address the problem of determining local volatility for an 
underlying for which only American options are traded on the markets. This case, which concerns the 
underlyings of Euro Stoxx 50 companies, immediately poses additional difficulties: in addition to 
modifying the option price compared to the case of a European option, there is no exact closed 
formula to value an American option. 
However, recent methods (see for example [13, 14]) make it possible to approximate the price of an 
American option using European option prices of different maturities. Starting from the American 
option prices, it is therefore possible to deduce (via a model calibration process) the implied 
volatilities corresponding to the European option prices. 
 

Consideration of daily log rates 

Therefore, in order to be able to correctly model an option or a future that depends explicitly on daily 
log returns, we still lack a more precise knowledge of stochastic volatility models. In particular, 
Bergomi's two-factor models, initially designed for the valuation of options or futures depending on 
monthly log returns (see [3, 4]), should be adapted to this context.  
Nevertheless, the choice of associated parameters seems to be a delicate problem - all the more so 
since daily log returns are poorly modeled by a Gaussian distribution.  
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