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This white paper outlines the algorithmic components of Zorc Finance software that solve various problems in mathe-
matical porfolio theory. Our software is specialized in solving these problems when the key distributional parameters of
the underlying portfolio, such as the mean expected returns and covariance matrix, are unknown and must be estimated
from historical data. Parameter estimation results in uncertainties that must be carefully handled. Ignoring estimation
errors and their sensitivity to input models results in incorrect estimates and poorly performing optimizations. These
issues are tackled by Zorc Finance software through Bayesian algorithms. This statistical framework addresses the
critical issues related to estimation uncertainties through the construction of the posterior distributions for the relevant
parameters. The posterior distributions are also used to conduct rigorous statistical comparisons required for portfolio
backtesting, or for performance comparisons against selected benchmarks. Furthermore, we apply this methodology to
known portfolio optimization algorithms to quantify and test the robustness for the end users. As the scope of this work
is large we proposed benchmarks for each software component to be addressed in the future.

I. INTRODUCTION

Zorc Finance GmbH is a software company aiming to im-
prove the speed and quality of portfolio modelling and opti-
mization leveraging Bayesian uncertainty analysis and exper-
imental hardware such as quantum computing. There are four
main components to the software that are in need of valida-
tion. The portfolio construction, modelling, optimization and
comparison modules. The purpose of this article is to detail
each component, their claimed value propositions and their
proposed benchmarks for the future.
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FIG. 1: An overview of the four main components of the Zorc Finance
software tools: the portfolio constructor, the portfolio optimizer, the
portfolio comparison and portfolio modelling tools.

In this introduction we discuss the data sources and datasets
used, Bayesian time series analysis, the statistical model, and
a discussion of outlier removal. This is is followed by Sec-
tion II that describes in detail the portfolio construction prob-
lem and its implementation as an optimization. Section III
describes in detail the portfolio modelling and comparison
tools. In the final Section IV the various portfolio optimiza-
tion methods are outlined.

A. Datasets and data providers

In this section we discuss the data sets that are used to
conduct the benchmarks along with the current data provider.
The data provider that is used by Zorc Finance is Leeway.tech
which uses eodhistoricaldata.com. The available data includes

• 60+ stock exchanges,

• 120,000+ tickers,

• 200 indices,

• 120+ crypto currencies,

• 150+ forex pairs,

• 20+ years of fundamental data,

• 30+ years of end-of-day data,

• 20,000 US mutual funds with equity funds as well as
balanced and bond-based mutual funds and

• 6000 ETFs across different exchanges and countries.

The full list of supported ETFs and exchanges can be found
on their website.

B. Bayesian time series analysis

The algorithms at Zorc Finance generate the predictive pos-
terior distributions of key parameters (volatilities, correla-
tions, expected returns and Sharpe ratios) based on observed
historical data using Bayesian inference. The main advantages
of this approach is that:

• It provides a systematic way of combining prior in-
formation with current data. When new data is avail-
able, previous estimates can be updated consistently
with Bayes’ theorem.

mailto:oscar-hernandez@zorc-finance.com
https://leeway.tech/
http://eodhistoricaldata.com
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• It is possible to conduct exact inference based on the
data without need for approximations. This method can
estimate any parametric function without reliance on
previous parameter estimates.

• The method provides interpretable answers using cred-
ible intervals.

• Complex models are computationally tractable with
current sampling approaches.

However, there are also several disadvantages that must be
kept in mind

• There is no rule for selecting priors. Priors must be
selected based on reasonable assumptions.

• Posterior distributions can be sensitive to priors, when
little data is available.

• High computational cost.

The following subsection provides a detailed theoretical ex-
planation of how this approach is implemented in practice
along with the priors used.

C. Statistical model

Suppose we have a set of p price time series denoted as
D. The first processing step that is carried out is to convert
the time series data into a stationary time series. This can be
carried out in many different ways, although here we use the
fractional returns

ri(t) =
Si(t)−Si(t−1)

Si(t−1)
, (1)

where ri(t) are the returns at time t of the ith price time se-
ries Si(t). Based on this data we want to determine the pos-
terior distributions of distributional parameters P(θ|) condi-
tioned on the observed data D. For example, this can be the
average (or expected) returns of the stock (µ) as well as the
covariance matrix Cov(ri,r j). These distributions are derived
from Bayes theorem as

P(θk|D) ∝

∫
dθk P(D|θ)P(θ), (2)

where P(D|θ) is the likelyhood of the data given the pa-
rameters θ of the distribution. The integration vector dθk =

1
dθk

∏
J
j=0 dθ j where J is the total number of distributional pa-

rameters and P(θ) are the priors of the parameters. There
are many types of priors that can be used. However, we will
choose the forms given in Table I.

In Table I, H(θ) is the Heaviside step function. Jeffreys prior
is a scale-invariant prior which will be used for variances. The

Name Formula P(θ)

Jeffreys prior 1
θ

H(θ),

Uniform prior 1
∆x

H(θ −θmin)H(θmax−θ).

TABLE I: The priors currently used in the Zorc Finance software.

uniform prior is a step function normalized over the region be-
tween the minimum value θmin and the maximum value θmax.
Next, we examine the form of the likelyhood function. One
key assumption is that the returns are independent and iden-
tically distributed random variables (i.i.d)1. This allows the
factorization of the likelyhood function as

P(D = {r0,r1, ...,rN}|θ) =
N

∏
k

P(rk|θ), (3)

where P(rk|θ) is the probability distribution of rk given θ in
Table II. The evaluation of Eq. (3) is carried out with Markov
Chain Monte Carlo (MCMC)1 that samples the logarithm of
the likelyhood.

Multivariate distribution P(r|θ)

Gaussian 1√
(2π)p|Σ|

×

Exp
(
− 1

2 (r−µ)Σ
−1(r−µ)T ),

t-distribution Γ( ν+p
2 )

Γ( ν

2 )(νπ)p/2|Σ|1/2×(
1+ 1

ν
(r−µ)Σ−1(r−µ)T )− p+ν

2 .

TABLE II: The multivariate probability distributions used for modelling
return distributions. Here Σ is a p× p matrix, where p is the number of time
series considered.

For the multivariate Gaussian distribution we can relate the
parameters of the distribution to the covariance and mean of
the data through

〈r〉= µ, (4)
Cov(r) = Σ. (5)

For the multivariate t-distribution the relation between the pa-
rameters of the distribution and the covariance and mean are

〈r〉= µ, (6)

Cov(r) =
ν

ν−2
Σ. (7)

D. Approximation of the likelyhood function

The likelyhood function given in Eq. (3) involves J param-
eters. For p-assets, the value of J is related to p as

J =
1
2

p(p+3)+λ , (8)
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where λ = 0 for a multivariate Gaussian and λ = 1 for a t-
distribution. For a portfolio of 30 assets this corresponds to
approximately 500 variables. This can still be carried out by
evaluating the log-likelyhood of Eq. (3), however, in practice,
it was found to be more stable to simplify the problem by
exploiting the properties of the distributions used and the fact
that correlations are generally small. We begin by breaking up
the data set into pairs of time-series Di j = {ri,r j}. Using the
basic conditional probability rule, we have

P(D|θ) = P(D12|θ,D13,D14...,D21, ...,Dp−1,p)×
P(D13|θ,D14, ...,D21, ...)×

P(D14|θ, ...,D21, ...)×
. . .×

P(Dp−1,p|θ). (9)

To a leading order expansion in powers of the correlation co-
efficients, each of the conditional probability distributions can
be expanded as

P(D12|θ,D13, ...,Dp−1,p) = P(D12|θ1,θ2,ρ12)

+
(p−1,p)

∑
(i, j)6=(1,2)

ρi j
∂P(D12|θ,D13, ...,Dp−1,p)

∂ρi j
. (10)

In the above expression θ1,θ2 are distributional parameters
that correspond to r1 or r2, respectively, and ρi j are the cor-
relation coefficients between assets (i, j). We have used the
fact that the distributions used only have pair-wise correla-
tions between different time series and do not consider higher
moments. Therefore, to leading order in correlations we have

P(D|θ) = ∏
i j

P(Di j|θi,θ j,ρi j)

+∑
i j

ρi j
∂P(Di j|θ...)

∂ρi j
. (11)

For practical calculations the correlation coefficient |ρi j|< 1.
Hence, the likelyhood function is approximated as

P(D|θ)≈
(p,p−1)

∏
(i, j); i> j

P(Di j|θi,θ j,ρi j). (12)

E. Outlier removal

In some cases it may be appropriate to improve the
estimates of distributional parameters θ by removing outliers
in the data sets. The method used for this purpose is the
interquartile range rule described below. Recall that the
q-th percentile of a distribution is the location pq where
q% percent of the data are below this point. Algorithm 1
describes this process below.

Algorithm 1: Interquartile range outlier removal
Result: Data set X with removal of outliers
Choose outlier threshold f (default =1.5) ;
Compute the 25th and 75th percentile of the data;
p25 = percentile(0.25);
p75 = percentile(0.75);
IQR = p75− p25;
xmax = p75 + f · IQR ;
xmin = p25− f · IQR ;
while xk in X do

instructions;
if (xk < xmin) or (xk > xmax) then

remove xk from X;
else

end

Once this outlier removal is carried out the distributional
parameters are estimated. In practice, due to the heavy-
tailed nature of the return distributions of securities, this IQR
method is not appropriate when fitting these distributions.
Therefore, we do not apply Algorithm 1 during the fitting of
return distributions.

Questions to validate

1. How often to statistical projections for volatility and ex-
pected returns fall within the predicted confidence inter-
vals for 3-month, 6-month, 1-year time frames?

2. How do the correlations,volatilities and expected re-
turn distributions change over different time periods?
3-month, 6-month, 1-year?

3. How sensitive are the distributions to different priors?

• Uniform prior
• Jeffreys prior

4. What is the difference in the results between Gaussian
based error models and t-distributed errors?

II. PORTFOLIO CONSTRUCTION

The portfolio construction tool is a constrained combina-
torical optimization algorithm that frames portfolio construc-
tion as a quadratic unconstrained binary optimization (QUBO)
problem2. The D-Wave hybrid solver is used to solve the re-
sulting QUBO with the constraint that a fixed amount of secu-
rities be chosen. This allows the user to construct a portfolio
from scratch with K securities from a universe of P total se-
curities. As an example, P will be number of securities avail-
able in the exchanges chosen by the user (P > 5000) while
the desired size of the users portfolio is typically K< 50. In
mathematical terms, the portfolio constructor is a mapping
f : RP → RK , from a vector space of dimensionality P to a
subspace with dimensionality K with K� P.
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Furthermore, the original portfolio construction problem
has been extended to allow the user to begin with a pre-
specified portfolio to which the user desires to add new se-
curities in an optimal manner. In the following section, the
mathematical details of the portfolio construction procedure
will be described.

Portfolio
Construction

K security 
portfolio

P securities 
from multiple 

exchanges 

FIG. 2: A simple schematic of the input and output of the portfolio
construction module.

A. Mathematical theory

The Hamiltonian that describes the mean-variance portfolio
utility function3 that is to be minimized is4,5

H =−(1−λ )µ ·x+λxΣx, (13)

where λ is the risk aversion parameter 0 ≤ λ ≤ 1, µ is the
vector of expected returns of a security and Σ is the covariance
matrix of the securities. A value of λ = 1 signifies maximum
aversion to risk, while λ = 0 is the most aggressive portfo-
lio which maximizes returns at any cost. Here, x is a vector
of length P with its entries represented as integer variables.
These integer variables can be represented in binary form as

xk =
Nx

∑
n=0

2nbk,n, (14)

where bk,n are the binary coefficients. For simplicity, we con-
sider the case where Nx = 1 so xk ∈ {0,1}. This case cor-
responds to determining the optimal, equal, price-weighted
portfolio. The minimization of Eq. (13) may result in a port-
folio with any number of assets. For most practical purposes,
we want the optimal portfolio with K securities. This invest-
ment requirement is imposed by adding the quadratic con-
straint function

C = A

(
K−∑

i
xi

)2

, (15)

to the Hamiltonian in Eq. (15) and where A is a Lagrange mul-
tiplier to be determined numerically. The value K is also ex-

panded in binary variables zn as

K =
M

∑
n=1

ynzn, (16)

where yn are the expansion coefficients given by

yn =

{
2n if n < M
K +1−2M if n = M,

(17)

with the maximum index M

M = dlog2(K)e−1. (18)

In order to map the Hamiltonian described above into a QUBO
problem the Hamiltonian must assume the form6

H = ∑
i

Qixi +∑
i< j

Qi jxix j. (19)

To place the Hamiltonian in this form we first expand the
covariance term in Eq. (13) and separate it into linear and
quadratic terms

xΣx = ∑
i j

xix jΣi j

= ∑
i

x2
i Σii +∑

i j
xix jΣi j

= ∑
i

xiΣii +∑
i< j

xi (2Σi j)x j. (20)

The expansion of the quadratic constraint term results in

C = A

(
∑
n

ynzn−∑
i

xi

)2

,

= A

(
∑

n1n2

yn1yn2zn1zn2 −2∑
ni

ynxizn +∑
i j

x jxi

)
,

= A

(
∑
n=1

y2
nzn + ∑

n1<n2

2yn1yn2zn1zn2

−2∑
ni

ynxizn +∑
i

xi +∑
i< j

2x jxi

)
. (21)

Substituting Eq. (20) and Eq. (21) into the full Hamiltonian
gives

H = ∑
i
(−(1−λ )µ0,i +λΣii +A)xi +∑

n
Ay2

nzn

+∑
i< j

(2λΣi j +2A)xix j + ∑
n1<n2

(2Ayn1yn2)zn1zn2

+∑
ni
(−2Ayn)xizn. (22)

The first line in Eq. (22) contain the linear terms, the second
are the quadratic terms, while the last line represents the
interaction terms.
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The QUBO in Eq. (22) represents the Hamiltonian in the
general case and the minimization of the Hamiltonian will se-
lect the best combination of K assets from a universe of P
securities. However, in certain cases, a user may already have
an existing portfolio and wishes to simply add more securities
to it. In this case, Eq. (22) will need to be modified. To under-
stand how to conduct the optimization under these conditions,
we take our original P-dimensional vector and partition it into
two components. Let the set P = {k : k = 0, . . . ,P} be the set
of indices of the original vector x. We separate this set into
the two subsets sets

P = S+ I, (23)

where S is the set of indices corresponding to the previously
selected securities (xs = 1) and I is the set of indices for all
other securities. Furthermore,

K = K0 +∆K (24)

where K0 is the number of securities in the current portfolio
K0 = ∑s∈S xs and ∆K is the desired number of additional se-
curities that the user wants to add to their portfolio. The value
∆K is expanded with binary variables zn as

∆K =
∆M

∑
n

cnzn, (25)

where the coefficients cn and ∆M are defined analogously to
Eq. (17) and Eq. (18). The full Hamiltonian is given by

H = ∑
i∈I

(
−(1−λ )µ0,i +λΣii +A+λ ∑

s∈S,s<i
(2Σsi)

)
xi

+∑
n

Ac2
nzn

+ ∑
(i, j)∈I×I,i< j

(2λΣi j +2A)xix j

+ ∑
n1<n2

(2Acn1cn2)zn1zn2

+ ∑
(n,i),i∈I

(−2Acn)xizn. (26)

The minimization of Eq. (22) and Eq. (26) falls within the
NP-hard class of computational problems and may be solved
using classical optimization methods such as simulated an-
nealing, or through quantum annealing. For the latter case, we
use quantum annealing hardware from D-Wave. The architec-
ture of the hardware allows for problems to be solved with up
to 64 fully-connected qubits on the 2000Q or up to 126 qubits
in the new D-Wave Advantage system7. For a single stock
exchange consisting of thousands of listings, the portfolio op-
timization problem is too large to be mapped onto this hard-
ware. To overcome this limitation, the D-Wave hybrid solver
is used. This solver uses both classical and quantum algo-
rithms to solve problems much larger than would be allowed
by the hardware and is the principle D-Wave solver that we
use for the portfolio construction problem.

Questions to validate

1. What is the speed of the optimization vs problem size
for the D-Wave hybrid solver vs the classical optimizer?

• How does the increase in bit-precision of the so-
lution effect the solution and stability qualities?

• Is the QUBO solution better than the continuous
variable formulation of the problem?

2. What is the quality of the solutions from the D-Wave
hybrid annealer in comparison to classical solvers?

• How do the energies of the solutions compare?

• How do the stability of the solutions compare?

3. What are the costs of the D-Wave machine for the prob-
lem sizes considered in comparison to classical compu-
tations?

4. How well do the solutions generalize into the future for
the D-Wave and the classical solutions?

III. PORTFOLIO MODELLING AND COMPARISONS

The purpose of these modules are to determine the key met-
rics of an existing portfolio in a rigorous statistical manner
and to simulate the effects of changes in its composition that
may be caused through customer actions such as (selling and
buying) or to compare two different portfolios. The functions
performed by the modelling and comparison tools are:

• to determine the key parameters of a specified portfolio,

• compare the key metrics of different portfolios using
confidence intervals,

• and continuously update determined metrics based on
new data.

For convenience, the portfolio modelling and comparison
tools are separated into two distinct functions. A schematic
of the portfolio modelling and comparison modules are given
in Fig. 3 and Fig. 4, respectively. Details of the mathematical
formulation of these Bayesian algorithms are provided in the
next section.

A. Theory

In what follows, we assume that the user has a portfolio
specified by a weight vectorw that represents their percentage
holdings wi > 0 and where ∑wi = 1. The daily returns Ri, of
the portfolio is

Ri =
N

∑
k=1

wkrk,i, (27)
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FIG. 3: A simple schematic of the input and output of the portfolio
modelling module.
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FIG. 4: A simple schematic of the input and output of the portfolio
comparison module.

where rk,i is the returns of the kth security at the ith time step
and N is the total number of assets in the portfolio. The data
set is given by D = {R0,R1, . . .RT}. As before, we are inter-
ested in determining the distributional parameters θ that corre-
spond to the data generated by this portfolio. Applying Bayes
theorem we have that the posterior distribution of the param-
eters θ is given by

P(θ|D) ∝

∫
dθ P(D|θ)P(θ). (28)

Once these parameters are estimated, the return distribution is
the marginalized distribution over the parameters θ.

P(R|D) =
∫

dθ P(R|θ,D)P(θ|D),

=
∫

dθ P(R|θ)P(θ|D). (29)

In the second line, the independence of R and D was used.
This is the preferred method to obtain forecasts of the distri-
butions of the portfolios. In Figure 5 the distribution P(R|θ0)
for θ0 = median{P(θ|D)} is shown for two different statisti-
cal models in comparison to the sample data.

The figure indicates that while the Gaussian distribution is a
reasonable approximation to the data, the t-distribution yields
a much better fit and is therefore the preferred data model to

FIG. 5: The annualized return distribution for a sample portfolio along with
different fits to the data. The t-distribution in purple and the Gaussian
distribution in blue for the p = 1 case from Table II.

use. The next sections of this article describe how to apply
this formalism in order to perform Bayesian updating, com-
parisons and forecasting.

1. Bayesian updating

The Bayesian methodology provides a clear prescription on
how to update the estimated parameters θ when a new data
point Dk+1 is available. Let the set Dt = {D0, . . . ,Dt} denote
the data collected up to time t. At time t + 1, the data point
Dt+1 is collected. The posterior distribution of the parame-
ters P(θ|Dk) will then be updated according to the following
prescription

P(θ|Dt+1) = P(θ|Dt+1,Dt)

=
P(Dt+1|θ,Dk)P(θ|Dt)

P(Dt+1|Dt)
,

=
P(Dt+1|θ)P(θ|Dt)

P(Dt+1|Dt)
. (30)

The distribution P(θ|D) is assumed to be i.i.d. The denomi-
nator P(Dt+1|Dt) is the normalizing factor given by

P(Dt+1|Dt) =
∫

dθ P(Dt+1|θ)P(θ|Dt). (31)

The procedure in Eq. (30) allows the forecasts and other pa-
rameters to adapt to incoming information efficiently using
particle filter algorithms8.

2. Bayesian comparisons for portfolios and backtesting

A user may want to compare two portfolios characterized
by weights wA and wB, respectively. The comparison of the
distributional parameters ∆θ = θA−θB is carried out as
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P(∆θ) =
∫

dθA

∫
dθB P(∆θ|θA,θB)P(θA)P(θB),

=
∫

dθA

∫
dθB δ (∆θ−θA +θB)P(θA)P(θB). (32)

The evaluation of Eq. (32) is carried out using MCMC sam-
ples. The main advantage of this method is that it allows
the comparison of portfolio metrics in a statistically rigor-
ous manner with confidence intervals. In Fig. 6 the poste-
rior distributions P(σA|D) and P(σB|D) of the volatilties for
two sample portfolios is presented using this approach. This
figure demonstrates the utility of Bayesian uncertainty anal-
ysis in the context of portfolio modelling. In contrast to a
simple point estimate of the volatility, Bayesian modelling re-
produces the full set of values consistent with the statistical
model and confidence intervals may be easily extracted.

FIG. 6: The distributions of the volatility estimates for two sample portfolios
during a chosen time frame obtained from Bayesian parameter estimation.

In Fig. 7 the posterior distribution of the difference ∆σ of
volatility for two sample portfolios is plotted with different
confidence intervals shown in dashed lines. The generation
of this posterior distribution allows for a rigorous comparison
between the two sample portfolio metrics based on available
data which is more general than traditional parametric tests
for statistical significance.

During backtests, the time series data is split into training
and testing sets according to a specified fraction which is typ-
ically 70-80% training data. The training/testing data is de-
noted as Dtrain/Dtest, respectively. The best performing statis-
tical models will have equal performances in both the Dtrain
and Dtest data sets. The portfolio comparison module is suited
to conduct this type of comparison test. The key metrics of
the portfolio θtrain and θtest are calculated and compared in a
statistically rigorous way as P(∆θ) from Eq. (32).

3. Bayesian forecasting

Once the posterior distributions of a given portfolio P(R|D)
have been calculated, it is straight-forward to use this distribu-
tion to propagate the price or value of the portfolio forward in

FIG. 7: The posterior distribution of the differences σA−σB for the two
sample portfolios obtained from Bayesian parameter estimation. The dashed
lines indicate the 68%, 95% and 99% confidence intervals of the differences.
The vertical solid black indicates the location of origin.

time. The price or value of an asset at time S(t +1) is related
to the the returns at time R(t +1) and the price or value today
S(t) through

S(t +1) = (1+R(t +1))S(t), (33)

where R(t + 1) is the return sampled from the stationary dis-
tribution

P(R) =
∫

dθ P(r|θ)P(θ |D). (34)

The density distribution of the price P(S(T )|D) is generated
through Monte-Carlo (MC) simulations with the initial con-
dition S(t = 0) being the price of the asset at the start of the
simulation, or set to S(t = 0) = 1 if only the relative increase
of the value is needed.

An example of a Bayesian forecast P(S|D) for a sample
portfolio based on a training set D is provided in Fig. 8 for
five forward time-steps obtained through the MC procedure
above. The dark blue and light blue band indicates the 95%
and 68% confidence intervals, respectively.

Questions to validate

1. How often do the statistical portfolio projections fall
within the predicted confidence intervals?

2. How do the projections compare, in the 3-month, 6-
month, 1-year periods?

3. Can anomalies in market such as during market crashes
or sell-offs be detected using this methodology?

4. How well can VAR and CVAR be calculated?

5. What are the β -values of the portfolios?
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FIG. 8: The forecast of a sample portfolio into the future obtained from MC
simulations using the posterior distribution in Eq. (34)

IV. PORTFOLIO OPTIMIZATION

The portfolio optimization module implements several
types of optimization methods based in the literature9,10. The
value that we add to this optimization is the ability to con-
struct the confidence intervals and joint distributions of the
optimization method that demonstrate the robustness of the
method used. Testing the numerical stability of the solutions
from the optimizers is crucial for finding portfolios that gen-
eralize well into the future10,11. The set of portfolio optimiza-
tion strategies to which we apply the robust optimization pro-
cedure are

• maximum sharpe ratio portfolio,

• minimum volatility portfolio,

• inverse volatility portfolio,

• equally weighted portfolio,

• maximum-entropy to volatility ratio portfolio,

• hierarchical risk parity portfolio11,

• the Kelly criterion portfolio12,

• and the entropy regulated mean-variance portfolio cus-
tomized by the customer.

A. Mathematical theory

Unlike the minimization of the the combinatorical Hamil-
tonian in Eq. (22), in this software component, the portfolio
weights w that are optimized are continuous variables. Fur-
thermore, it is assumed that the user has already chosen the set
of stocks that they wish to hold and only requires to fine-tune
the allocations and to study the numerics of the resulting port-
folio in more detail. The objective of portfolio optimization is

Portfolio
Optimization

Optimized 
portfolio 
weights

Selected 
securities

FIG. 9: A schematic of the portfolio optimization module.

to minimize the Hamiltonian given by

H =−λµw ·µ+λσw
T

Σw−λSR(w), (35)

where the first term is the expected return of the portfolio and
the second term is the volatility of the portfolio. The third term
R(w) is a regulator term that maximizes the concentration of
the portfolio weight vector. We consider long-only portfolios
where ∑i wi = 1. The parameters λµ ,λσ ,λS are chosen ac-
cording to the preference of the user and parametrized so that
they satisfy

0≤ {λµ ,λσ ,λS} ≤ 1, (36)
λµ +λσ +λS = 1. (37)

The following two forms of regulators are chosen

RS(w) =−
K

∑
i=1

wiln(wi), (38)

Rw2(w) =−w ·w. (39)

The optimal portfolio w∗ is then given by

w∗ = minw{H }. (40)

The posterior distribution of the optimal portfolio weights is
calculated as

P(w∗|D) =
∫

dθ P(w∗|θ)P(θ|D),

=
∫

dθ δ (w∗−minw{H })P(θ|D). (41)

The evaluation of Eq. (41) is carried out through the MC sam-
pling of P(θ|D). It is well-documented that minimizing the
Hamiltonian in Eq. (35) suffers from numerical instabilities
brought from estimation errors in θ10,13,14. Furthermore, our
numerical experiments demonstrate that the stability of the
minimization procedure is more sensitive to the errors from
the estimation of µ as opposed to Σ as discussed in Ref.13.
Therefore, λµ = 0 leads to numerically stable results. In the
following subsections the various optimization methods im-
plemented in the software are discussed.
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1. Maximum Sharpe ratio portfolio

This portfolio is obtained by constructing the efficient fron-
tier and finding the point along the frontier with the optimal
Sharpe ratio rS

rS =
µP

σP
, (42)

where µP and σP is the expected return and volatility of the
portfolio.

2. Minimum volatility portfolio

This portfolio is obtained by setting λµ = λS = 0. This will
construct the portfolio with the minimum volatility.

w∗ = minw{wT
Σw}, (43)

subject to the normalization condition ∑i wi = 1.

3. Equally weighted portfolio

An equally weighted portfolio has weight vector

wK =
1
K
[1, . . . 1] , (44)

where K is the total number of assets. This portfolio has the
property of having maximum entropy, in the sense that for
every w where ∑i wi = 1 and wi > 0

S(w)≤ S(wK), (45)

where the entropy function S(w) is defined as

S(w) =−∑
i

wiln(wi)> 0, (46)

and S(wK) = Kln(K). This portfolio is often used as a bench-
mark against other types of optimization strategies.

4. Maximum entropy to volatility portfolio

The objective of this optimization is to select the portfolio
that minimizes the volatility of a portfolio while also maxi-
mizing the entropy of the portfolio weight vector w. This is
obtained by setting λµ = 0 in Eq. (35) and minimizing the
resulting Hamiltonian

H (λ ) = λwT
Σw− (1−λ )R(w), (47)

for different λ until the weights with the maximum ratio of
S(w)/

(
wT Σw

)
are obtained.

5. Inverse volatility

This portfolio assigns the weights wi in proportion to the
inverse of the volatility of each of the assets. The relative
portfolio weight is

fi =
1

σ2
i
, (48)

which is normalized so that ∑wi = 1, resulting in

wi =
fi

∑i fi
. (49)

6. Hierarchical risk parity

This method implements the algorithm from Refs.10,11 for
portfolio optimization. This method applies clustering tech-
niques to the covariance matrix of assets in a portfolio to con-
struct well-diversified portfolios that perform out-of-sample.

7. Kelly allocation portfolio

The principle of this portfolio allocation strategy is based
on the principle of maximizing the log-wealth of the investor.
Suppose the total initial wealth of the investor is W0 and the
investor has the choice of placing a fractional amount of his
wealth, fi, into the risky asset such as a stock and the rest
1− fi into a riskless asset, then the optimal fraction to invest
maximizes the following

fi = Maxy{
∫

dxi log(1+ yxi)P(xi) }, (50)

where xi is return of the ith risky asset and P(xi) is its
distribution12. For certain distributions Eq. (50) admits closed
forms. For example, if there are only two possible outcomes
r+ and r− with probabilities p+ and p−, respectively, then the
optimal fraction is

fi =−
p+r++ p−r−

r−r+
. (51)

If the returns are normally distributed with means µi and
volatilities σi, then the optimal fractions are

fi =
µi

σ2 . (52)

Due to the focus on long-only weights, we impose the ad-
ditional constraint thats fi ≥ 0 and normalize the weights so
∑i fi = 1.

Questions to validate

1. For each of the portfolio optimization strategies in the
previous section what is the comparison between the
following metrics:
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• volatility

• expected returns

• sharpe ratio

• max-draw downs

• VAR and CVAR?

2. How well do the above metrics generalize from training
period, to testing periods for 3-months, 6-months, 1-
year, 2-years?

3. How do each of these methods compare to market in-
dices for the same periods?

• S&P 500

• DAX

• Dow Jones

• NASDAQ

• MSCI World Index

• Euro Stoxx 50

4. How do the returns from optimized portfolios compare
to other assets such as bonds for multiple time periods?

5. How well can we detect and conduct rebalancing?

6. Does rebalancing improve the performance of the port-
folios?
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