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1 Preface

This document is a collection of problems I have worked on in Complex Analysis. Most of the
questions are either directly from, or a derivative of, questions from (in order of frequency) Ahlfors,
Stein, Conway, Rudin and Cartan. As a notice, there likely will be mistakes in the solutions in this
document. However, please feel free to use this document to hopefully help in your understanding
of Complex Analysis.

I recently came across this description of a course taught by Professor John Roe, which provides
a wonderful overview of the material taught in a first course in Complex Analysis, and just some
of its general applications. I thought I’d add this description here for anyone interested in learning
Complex Analysis in the near future.

(In Complex Analysis) We study the behavior of differentiable complez-valued functions f(z) of a
complex variable z. The key idea in an introductory course is that complex differentiability is a much
more restrictive condition than real differentiability. In fact, complez-differentiable functions are so
rigid that the entire behavior of such a function is completely determined if you know its values even
on a tiny open set. One understands these rigidity properties by making use of contour integration
- integration along a path in the complex plane.

The theory gains its force because there are plenty of interesting functions to which it applies. All
the usual functions - polynomials, rational functions, exponential, trigonometric functions, and so
on - are differentiable in the complex sense. Very often, complexr analysis provides the solution
to “real variable” problems involving these functions; as someone said, “The shortest path between
two real points often passes through the complex domain.” Moreover, complex analysis is a key tool
for understanding other “higher transcendental functions” such as the Gamma function, the Zeta
function, and the elliptic functions, which are important in number theory and many other parts of
mathematics. A secondary aim of this course is to introduce you to some of these functions.

One of the surprises of complex analysis is the role that topology plays. Simple questions like “do I
choose the positive or negative sign with the square root” turn out to have surprisingly subtle answers,
rooted in the notion of the fundamental group of a topological space (which you will be looking at in
the Topology and Geometry course parallel to this). These topological notions eventually culminate
in the notion of a Riemann surface as the correct global context for complex analysis. We will not
develop this idea fully, but we will discuss ‘multiple-valued functions’ and their branch points; again,
we will try to illustrate how these exotic-sounding concepts help in doing practical calculations.

Also, T’d strongly recommend watching the following three (non-technical) videos to garner a little
motivation for studying Complex Analysis:

1. The Riemann Hypothesis
2. Visualizing the Riemann zeta function and analytic continuation

3. Why Complex Numbers are Awesome


http://sites.psu.edu/johnroe/
https://www.youtube.com/watch?v=d6c6uIyieoo
https://www.youtube.com/watch?v=sD0NjbwqlYw
https://www.youtube.com/watch?v=-IJuqR6nz_Q

2 Complex numbers and the complex plane
2a) Complex roots

Find all values of # and all 11th roots of 1%\/5 in the form re®.

We recall if 2 = a then if a = re?, then z = rwexn TF3T Applying these forumulas yield: # =

5z . i 512
e k7 L =1,2. For the second computation: '/ % = e3T™M1 | where m = 0,...,10.

2b) Connectedness & connected components

Let Q2 be an open set in C and x € Q. The connected component (or simply the component) of Q
containing z is the set C, of all points w in Q that can be joined to z by a curve entirely contained
in Q.

1. Check first that C, is open and connected. Then, show that w € C, defines an equivalence
relation, that is: (i) z € C,, (it) w € C, = z € Cy, and (i) if w € C, and z € C¢,then
w e (Cc.
Thus € is the union of all its connected components, and two components are either disjoint
or coincide.

2. Show that Q can have only countably many distinct connected components.
3. Prove that if Q) is the complement of a compact set, then Q has only one unbounded component.

[Hint: For (b), one would otherwise obtain an uncountable number of disjoint open balls. Now, each
ball contains a point with rational coordinates. For (c), note that the complement of a large disc
containing the compact set is connected.]

1. Proof. We recall that any subset of finite topological space is connected <= it is path-
connected. So, naturally this is true for C" and any subset €.

To show C, is open, we note that since Q is open, Vz € §, Je, s.t. Vy if d(z,y) < ¢, =
y € Q where d(-,-) is our standard metric in the complex plane. Therefore, Vw € C, since by
definition, w € 2 and € is open, = d¢,, to satisfy the openness definition, so C, is open.
To show connectedness, since Vw € C, 3 a curve lying in © which connects w to z (which is a
path), and due to the equivalence of path-connectedness and connectedness in this topological
space, C, being connected is immediate.

Since we now know Yw € C,, 3 a path, we may formalize this path as g, s.t. g : [0,1] = C,
and where g,,(0) = z and ¢,,(1) = w. Formalizing the path in this fashion makes trivial ().
For (ii), we already have our path g,,, thus, we consider g, = g,,([1,0]) and hence if w € C,,
39w which, = g, exists and hence z € C,,.

For (i), if w € C, and z € C¢, it = 3 g,, and f. where g, : [3,1] = C., f. : [0, 3] = C¢
where g, (3) = 2, 9uw(1) = w, f2(0) = ¢, f.(3) = z. Thus, by defining the path:

ho(e) = {fz z € [0,

gu TE[3,

]
]

We define a path fully contained in Q s.t. h,,(0) = ¢ and h,,(1) = w which implies w € C,. O

— Nl



2. Proof. From part 1, we know that € is the union of all its connected components i.e. =
U, C;. If n = oo, let us look at the case of:

log(i +1) log(4)
€= U{ " log(4) <Z|<log(i1)}

Here, we see the connected components of 2 are just the sets making up the union by which
Q) is defined. However, lim,_, C,, = {z : |z| = 1}, which is a closed set and hence violates
our definition of a equivalence relation and thus implying €2 must only have countably many
distinct connected components. O

3. Proof. Let S denote our compact set (i.e., Q@ = S¢). Since S is compact, and S C C, we know
(1), e Cst. Vs e S,s<b, and (2), sup(S) € S. Thus, we form C; as follows:

C; = {z:|z| >sup(S)}uU{z : 3f : [0,1] = C|£(0) = sup(S), f(1) = 2z, Px € £([0,1]) s.t. = € S}

We note sup(S) = {z : z = max |w|,w € S} may not be a unique point, so we just take one of
its elements to form C;).

It is now apparent after such construction that if Q = S¢ where S is compact, 3 a unique set
€ s connected components which is unbounded. O

2c) Topological definitions applied in the complex plane

Show that the bounded regions determined by a closed curve are simply connected, while the un-
bounded region is doubly connected.

Proof. We prove this a little informally: From our discussion above (2a), we can see that both the
bounded region and unbounded regions in question are path-connected. Furthermore, we note a
more general idea from topology: If a space X is path-connected, and has n genus, then the space is
(n+ 1)-connected. Therefore, since the bounded region has a 0 genus, it is simply (or 1-connected),
and since the unbounded region has a 1 genus (the hole created by « creates this), it is doubly

connected (2-connected).
O

3 Holomorphic functions

3a) The Complex chain rule

Suppose U and V' are open sets in the complex plane. Prove that if f: U —V and g: V — C are
two functions that are differentiable (in the real sense, that is, as functions of the two real variables

x and y), and h(z) = g(f(2)), then:

Oh _0g0f L 0g0f - Oh _090f  9g0f
9z 020z 0z0z M 9z 0620z @ 9:0z



Proof. For simplicity, we may write f = f(z,Z). Thus, df = %dz + % dz (and similary for f).
Thus, dh = 3%7(5)(1}0 + 6%7(;)d5 .

ah = a(zf)<a§ +(7Jj )+ a(zf)(af aJj )

Rearranging by the dz and dz terms:

dh:(ag(f)c‘h‘+ag<f)8f) +< (f)3f+89(f)8f>

0z Oz 0z 0z 0z 0z 0z 0z

And hence the terms in front of dz yield 62 and in front of dz yield ah.

3b) Cauchy-Riemann Equations do not imply holomorphic at a point
Consider the function defined by:

flz+iy) = /|z|ly|, whenever z,y € R

Show that f satisfies the Cauchy-Riemann equations at the origin, yet f is not holomorphic at 0.
Proof. We see that u(z,y) = f(2) and v(z,y) =, thus:

g gym pm W0 —u00) _ VRI-0 _

= m
oz’ h—0,heR h h

And similar computation shows 8“ (0 0) = 0. Therefore, we may conclude the Cauchy-Riemann

ad@u_(’)v

equations of g—; = are satisfied around (0,0). However, when we consider:

81 Jy
lim f(h+ih) — f(0+i0) +/[h>—=0  |B]
h(1+41)—0,heR h(1+71)  h(144)  h(1414)
We find the limit does not exist and hence f is not holomorphic at (0, 0). O

3c) Constant holomorphic functions

Suppose that f is holomorphic in an open set Q. Prove that in any one of the following cases:

1. Re(f) is constant;
2. Im(f) is constant;

3. |f| is constant;

one can conclude that f is constant.



Proof. We recall the definition of holomorphic on Q if Vz € Q, f/(z) exists and is equal to:
limp 0 nec M Therefore, since Re(f) = wu(z,y), and Re(f) = ¢ Vr,y, we must have:
Ou _ 9u _ () — 9v — 9v _ () And hence f = u + v is constant. The same holds for if Im(f)

o = oy o = oy ‘ :
LGEHRD=F(2) _ 2, and hence due to the

is constant. If | f| = ¢ for some ¢ € R, then lim|0,nec ]
existence of f/(z) despite which path h takes to reach h = 0, we may conclude f is constant since

we just showed f/(z) = 0.
O

4 Power series

4a) Radii of convergence

Find the radius of convergence for the following series:
(o ] o0 Zn o0 o0
(7) Z nPz", (i) Z ok (#i7) Z nlz", (iv) Z 2™
n=1 n=1 n=1 n=1

(i) We recall % = limy, 0o |a2+1| = lim, 0o |M| =1 and hence R = 1.

np

. 1 . !
= limy 00 |“Zj | = lim, 00 |ﬁ| = 0 and hence R = co.

)

(i) &

(#43) Our limit is the inverse of (i7) and hence R = 0.
)

(iv) Wenotice S 00 | 2™ =37 | z7z(=D' Therefore, we may think of a,, = ("Y', We compute:

) . o 0 if|z] <1
n— oo A, n—oo | z\n—1): n— o0
oo if |z >1

Thus, R=o0if |z2| <1, R=11if|z]=1and R=0if |z] > 1.

4b) Series

Show the following:
1. The series f(2) =3 ,.cz ﬁ converges absolutely Vz € C\Z.
2. The partial sums Z\7L|<N ﬁ of the series converge normally to f.
3. f is meromorphic in C with poles at n € Z having principal part ﬁ
4. fv f(z)dz =0 for any toy contour in C\Z.
5. f'(2) = hez ﬁ (justify the term by term differentiation).

Hint: Recall that normal convergence means uniform convergence on compact subsets and that this
s equivalent to local uniform convergence.



1.

5%
5a)

Proof. Let us separate Z into 3 disjoint parts: N1 = {n : |n| < |z[,|N — z| < 1}, Na = {n:
|n — 1] > 1} (which will consist of 1 or 2 elements) and ng = {n : |n| > |z|,|n — 2| < 1}. So,
we have Z = n; U Ny U N3 and N; N Nj = (,Vj # i. Therefore,

T DR T L D DR

neN; ne Nz nENd

From here, we recall if [f(2)| = >, oz |ﬁ| <> ez 9(n)Vn,and Y-, g(n) converges then
our series is absolutely convergent. If we denote 2 = min,, .+ (In—=z[), then > x| (n B | <
ZTLGNl |(n z)3| L?’rtd(zj\),;? < 00, and ZTLGNQ |(njz)3| = 2|(njz)3\ < 00 and ZnGNg |(n72)3| -
2 ZnEN;' (nfz)3 and since >, (y(n*) converges Vp > 1 (see Riemann zeta function), we

know this sum converges to some ¢ < co. Therefore, we see by constructing g as follows, that
f converges absolutely Vz € C\Z.

1 .
f(Z) if n € Ny U N3

O

- We will want to show that if fyv = >, cn ﬁ, then limy_o0 |[|[fN — flleo = 0. Or,

equivalently that Ve > 0 3M € N such that ||fy — f|| < € whenever N > M.

. This is kind of trivial, no?

. We first note due to the uniform convergence of f:

And since z # n+iy, f will be holomorphic on the toy contour in question and hence Cauchy’s
Theorem is applicable, so f7 f(z)dz = 0.

Integration along curves

Integrating log’s derivative

Assume that f(z) is analytic and satisfies the inequality | f(z) — a| < a, a € R, in a region Q. Show

that:

[ 56

for every closed curve in Q.

Proof. We recall the logarithm is analytic on C\(—o0,0]. Therefore,

f&) g, [ 4 rosr@dz = [ < tos2(0)y (11t = og(5(0)) — logr(a)) =0

f(2)



6 The Exponential and trigonometric functions

6a) Hyperbolic sine & cosine

The hyperbolic cosine and sine are defined by cosh(z) = 1(e* +e~%), sinh(z) = 1(e* —e~*). Express

them through cos(iz), sin(iz). Derive the addition formulas, and formulas for cosh(2z),sinh(2z).
Then, use the addition formulas to separate cos(x + 1y),sin(x + iy) in real and imaginary parts.

Proof. We recall: cos(z) = £ (e’ + e7#) and sin(z) = & (e'* —e™¥) = cos(iz) = 2(e™* +¢€?) and

sin(iz) = 4 (e7* — 7). Therefore:

sin(iz) = isinh(z) and cos(iz) = cosh(z)
We have: ) 1
cosh(z1) cosh(zz) = 5(621 + e_zl)i(ez2 +e %)

1 1 1
_ Z(ez1+22 + e*(z1+zz)) + Z(emm + e*(z17z2)) = §(cosh(z1 + 2) + cosh(z, — 22))

And similarly for sinh:

sinh(z1) sinh(zy) = %(cosh(zl + 29) — cosh(z; — 22))

= cosh(z; + 22) = cosh(z1) cosh(zs) + sinh(z;) sinh(22)
By similar derivation, we find:
sinh(z1 + z9) = sinh(z;) cosh(z2) + cosh(z1) sinh(z)
This now implies:

cosh(2z) = cosh?(z) + sinh?(z) and sinh(2z) = 2 cosh(z) sinh(z)

7 Cauchy’s Theorem
7a) Finitely many points with bounded neighbourhoods that lie on the
interior of a rectifiable closed curve do not impact Cauchy’s Theorem

Let Q be a simply connected open subset of C and let v C Q be a rectifiable closed path contained in
Q. Suppose that f is a function holomorphic in Q except possibly at a finitely many points wy, ..., Wy,
inside . Prove that if f is bounded in a neighborhood around wi,...,w,, then:

[yf(z)dz =0



Proof. Let us define ¢ = min(e;) where ¢; is selected arbitrarily from the set {z : z € R,Vy €
B (w;) |f(y)| < |M;], 2 < X524} where ; := the shortest path between w; and any point on v, but
does not pass through the points wi, ..., w;—1, Wit1,..., Wy.

Let us define the circle of radius ¢; centered around w; as C¢,. Thus, by Cauchy’s Theorem, if

S=~U Z?:l 7 U Z:’l:l —C¢, U Z:‘L:l i

OZ/Sf(z)dz:Af(z)dz—&—i_il/” f(z)dz—i_il/céi f(z)dz—i[h f(2)dz
= [yf(z)dz:z:;/ce f(z)dz

Therefore, since | f| is bounded by M; at a neighborhood of ¢; > € radius around w;, we have:

Lf(z)dz _ ;/C f(2)dz < E /C F(2)d

< n-max( sup |f(2)]) max(length(C,)) =n-|M|27 €

ZECei

<3 (s 17 nginc,)

i—1 z€C,;

Where |M| = max(|M;]).
Since epsilon can be arbitrarily small, n|M|2me — 0 as e — 0 and hence we are done.

8 Cauchy’s Integral Formula

8a) Cauchy’s Inequality

If f(2) is analytic for |z| < 1 and |f(z)| < 1%‘2‘, find the best estimate of |f™(0)| that Cauchy’s
inequality will yield.

Proof. For r < 1, we will have Cauchy’s Inequality yields:

1A e n!
(n) < Or) _
ARG rn —rm(l-r) h

To minimize h, we choose 7 s.t. 2% = 0. Computing:

or —
o0 nl _yfr—nd-r)
orrv(l—r) - (1 —r)?

) =0 << r= L, Therefore:
1+n

n'

|f(n)(0)‘ < m =(n+ 1)!<1_|_ i)

10



8b) Line integral computations

Compute:

1./ 2"(1 = z)Mdz, 2./ |z —a|?|dz|, and 3./ |z — a|~*|dz|, where |a| # p
|z|=2 |z|=1 lzl=p

1. Proof. Case (1): If m,n > 0, then 2"(1 — z)™ is entire and hence by Cauchy’s Theorem,
f\z\:z 2"(1—=2)"dz = 0.

Case (2): Assume m < 0 and n > 0. We now have:

271 n! n
2"(1—2)"dz = Ljpm—1<n =11 n27m'|m|( >
/Z_z S [ = D (n— )t~ s m|

If n < 0 and m > 0, simply replace m and n in the solution above and change to + as needed.

Case (3): If m,n < 0, then:
N . ) 1 on—1) . 1 gm—1) .
/mz (= =2 oy (0-97) + g ()]
_ o (Iml+nl =2\ [Im[+|n]—2Y] _
‘2”[( n] — 1 m-1 )]0

2. Proof. We first note if z = pe't, t € [0,2n), (which is equivalent to v := {z : |z| = p}, then
dz = ipe'tdt. Thus, |dz| = |7/ (t)|dt = |p*(sin®(t) + cos?(1))|dt = pEedz = —piz~".

O

V\ie1 next note: z = p(cos(t) +isin(t)) = p(cos(t) — isin(t)) = p(cos(—t) +isin(—t)) = pe~ =

First, assume a € int(I"), where 0" = . We see:

[ e = | o=t | eman=a®

If f(¢) = (1%5&)7 then by Cauchy’s Formula we have:

1 2
T \dzl = 27 _
| gl =2t =

If a ¢ int(T"), then a~! € int(T") and therefore:

[ == [ emai=a = [ emaeman®

11



and if g(§) = %, then by Cauchy’s Formula we have:

1 2T
———|dz| = 2mig(a™") = ———
/m—w'z ) =

O

3. Proof. This integral follows quite nicely as an augmented generalization of the previous exam-
ple. We recall the residue formula, and note if v = {z : |z| = p}, then if a € or ¢€ 7, then so is
a and both a and a are ¢ and € v respectively. Therefore:

1 ipa~!
——|dz :/ — — dz
/M_p Fal T ) ot —a—a

So, if |a| < p:
/ de| = 2mi| 2 ipa ipa!
|2|=p |z — al* T 20z\(z—a)(z—a"t)/)|,_, (a—a)(a—a?)
And if |a] > p:

1 ipa~!
———\dz| = 2mi
/M_p R i i e Ty

8c) A More General Version of Liouville’s Theorem

Show that if f is entire and if there exists a constant C' > 0 and a positive integer n such that
|f(2)] < Clz|™ for all sufficiently large |z|, then f is a polynomial.

Proof. Let us first make explicit the condition of “sufficiently large |z|” (which will refere to as “The
Large |z| Condition”) . We will say that if |z| > R, R € Rt, then 3 C > 0 and n s.t. |f(z)] < C|z|™.

Now, let us choose m s.t. m > n,m € Nand r > R, Then, we will have (and with the parametrization
of z=~(0) := 2z +re, 0 € [0,27]) :

12



|
(™) (20)] = i/ Ldz By Cauchy’s Integral Formula
|f ( 0)| 2 I2|=r (Z — Zo)m+1 y y g
!
S
2 |z|=r |Z*Z()|m+
m! Clz™ o
< = T 42l By The Large |z| Condition
2m |z|=r |Z - ZO'
mlC [*" |re??|” 0
=5 /0 oL lire|do
1C 1 .
= m—/ —df Since |dz| = |7/(#)|d# and |ire®| = r
2 Jg rmon
~ mlC
- Tmfn

Now, since f is entire and since m — n > 1, we may let » — oo, which = Vm > n, |f")(z)| =
0= f(m)(zo) = 0. Next, we recall that if f is entire, we may write f as: f(z) = ZJ 0@j(z — 20).
By Cacuhy’s Integral Formula, we have the formula for each a; as follows:

F9 (20)

4!
And since it was shown that Vm > n, f(m)(zo) =0, we know Va; s.t. j > n, a; = 0. Therefore, f is
in the polynomial form (of max degree = n):

aj:

F(z) =) aj(z — =)’
§=0

8d) An Application of Parseval’s and Cauchy’s Integral Formulae

Show that if [ is an entire function satisfying |f(2)] < C+/|z|| cos(2)| for some constant C, then f
is identically zero. (Hint: compare [ to the function zcos(z) )

Proof. We first prove the following Theorem:

Theorem. 8.1: Can’t Think of A Nice Name for This One... Yet.

If f(z ZaJ z—20), z € Bg(a)

and if 0 < r < R, then:

s

Z |a;[*r¥ = g/ |f (20 + re®)|2d0
=0

—T

13



Proof. We know that since f(z) has a series form as given above, then naturally:

o0
f(zo +re?) = Z ajrjeiej
n=0

And since r < R, this series will be converging uniformly on [—, 7]. Thus,

J—
a1’ = o | 0 do
And by Parseval’s Formula, we get:
00 . 1 T .
Z la;[*r¥ = g/ |f (20 + re?)|?df
=0 -7

Coming back to our question, since f is entire, we may write:

F(z) =) aj(z =)

Jj=0

And by applying the above theorem, and we will have:

> 1 T .
>l = — [ |f(z0+re) b
j=0 -
1" o)
<3 ( |rei?|| cos (re’9)> do
™ —T

1 [" —\ 2
< 60
<o) <\/|re |> do

1 ™
= — rdf
2 J_,

=r

Hence, we have |ag|? + |a1[?r? + |a2|?r* + .-+ < r, which is true <= a; = 0Vj > 1, ie. fis
constant and equal to ag. Next, we simply note that since |f(0)] < 4/|0]| cos(0)|] = 0, then it must
be that ag = 0, which = f is identically zero.

8e¢) The image of non-constant entire function is dense

Show that if f is a non-constant entire function, then f(C) is dense in C.

This statement is actually a Corollary of Liouville’s theorem:

Proof. Assume f(C) is not dense, which = J 29 € Cand r > 0,7 € R s.t. B.(20) N f(C) =0

(< VzeC,|f(z) — 20| > r). Thus, if we define g as: g(z) = f(z)l_ZU. Then:

9 = e <

) =2 =
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Since |g(z)| < 1 € RT, and is entire since g~ (z) # 0 Vz € C, we may use Liouville’s theorem to say g
is constant. Thus, f must also be constant and hence we have just contradicted our assumption. [

O
9 Residues
9a) A Classic residue computation question
Find the residue at i of W
Suggestion: Expand W in powers of z —1i by using the expansion of ﬁ derived by differen-
tiating the geometric series for ﬁ n —1 times.

Proof. We first note:

1 1

1&) =y = GG e

Jrem ey

O

Therefore,

Res(f; ) = L (zfi)nl(zﬂ)n _ (,ff’;)! [aa:_llz ((zii)")

9b) Sine’s residues

Using Euler’s formula: sin(mz) = 3= (e'™ —e™"%), show that the complex zeros of sin(rz) are ezactly

at the integers, and that they are each of order 1. Then, calculate the residue of m atz=n€Z.

Proof. Let w = €™, sosin(nmz) = s (w—2) =0 <= w—~+ =0 < w?=1 < w==£l

Therefore, sin(rz) = 0 <= '™ = 41 which happens <= z € Z.

We note if w = €'™*, then dz = —dw. Therefore,

1w

vy ) = L= =2 @y 2 !

9c) A nice trigonometric integral

Prove that:

27
do o .
~/O (1+bCOS(9):mlfa>|b| and a,b € R

15



Proof. If we let z = €'’ then dz = ie"’df and hence df = idz. Thus,

/2’* do _/ dz _/ —2idz
o a-+bcos(f) ej=1 iz(a+ b3 (z + 1)) B 2|=1 b2% +2az + b
\/b2—4(a)(0)])(zi[ b \/52—4(0)(0)]):

We simply via the handy formula of az? +bz+4c = (z — [f % + 5

2 2

/% do _ / —2idz
o a+bcos(h) lzl=1 (2 — [-2a + iVb? — a?])(z — [-2a — iVb? — a?])

And hence since a > |b|, we have two poles of degree 1 within |z| = 1, and hence:

/2“ do ) [ 2.( 1 N 1 ﬂ o
——— =27 — 2 = —
o a+bcos(h) W2 — a2 2V — a2 b2 — a2

9d) An application of Rouché’s Theorem

Determine the number of zeros of f(z) = 23 — 3z + 4 in the closed ball {|z — 1| < 1} and show that
they are simple.

Proof. We note: f(z) = 23 —32+4 = (2 —1)3+3(2 — 1)? + 2. Therefore, if we let w = 2+ 1, we now
have the equivalent problem of analyzing the zeros of f(w) = w? + 3w? + 2 inside |w| < 1. Thus, we
see that when |w| = 1, |f(w)—(3w?+1)| = [w?+1| < 2 < |3w?+1] with [3w?+1| =2 <= w =1, —i,
but at i, —i, [w?+1| = v/2 < 2, and hence | f(w) —g(w)| < |g(w)], g(w) = 3w?+1. Since g(w) has two
roots within |w| < 1, so too does f(w) by Rouché’s Theorem. Furthermore, since f/'(w) = 3w(w + 3)
has roots at 0 and —3, both of which are not roots of f(w), we may conclude that the two roots of
f(w) are simple.

O

9e) Contour integration part I

oo eoél'
d
/_oo T+er

(Hint: Use a contour integral around the rectangle with vertices R, +R + 27i)

FEvaluate

Proof. Let us define I' as a path equal to y1 + 2 + 3 + 4. We define 7, as the path along the real
axis from —R to R, 2 as the path from R to R+ 27i, 3 as the path from R + 27i to —R + 27,
and finally 4 as the path from —R + 27¢ to —R. Also for simplicity of notation, f =

e
14e= "

We now note that inside I' 3 only one pole, at z = 7i (since €™ + 1 = 0 := Euler’s Identity). We

thus compute:
e aim
Res(f;im) = 5¥——— =—¢
%(1 + ez) Z=1im

16



Thus, by recalling the residual theorem, we have:
/ f= / f = —2mie™™
r Y1+y2+y3+7a

ea(R+it)

1 + eR—i—it

We now look at v, in that:

2 - R+zt) 27T
[ 3 <
e 1+ eR—i—zt o

And hence limpg_, o fw f = 0 since limp_, oo % =0when 0 < a < 1.

By using the same reasoning, we can also show that limg_, fw f = 0 since:

27 (x( R+it) 27 e~k
——dt| < ——dt
LA ml= |

And noting the limit of the rightmost term above goes to 0 like for 5.

a(t+27rz i
— e02mi f
AR =t

Therefore, taking R — oo, we see:

) oo eaz )
(1 _ eOzZTm) / - _ _27_”-6041#
o l+e

We now look at ~3 in that:

And by rearanging this, we may conclude that:

et 71'
/_OO T+er sin(a)

9f) Contour integration part II

Fuvaluate with residues:

=

1—|—a:2

Proof. Let us consider f(z) = V11+ 2> defined by a branch cut from —1 to 1 and let f(0) = +1 on

the top side of the cut. If we define I' := re'®, 6 € [0, 27],7 > 1, then by the Residual Theorem (and
since 1+ 2% = (x +1i)(z — 7)), we have:

/Ff(z)dz — 9riRes(f; i) — /_llf(m)dx - /1_1 — f(x)da

Since we must deform our contour, I', around the branch cuts and around the poles. Next, if we
have defined T" as we did, then by letting  — oo, we have:

17



27 612

. . Zg
L T R Al
27
- / a6
0
=27

(We also note that we could have also computed the integral by considering the Laurent series of

\/1 z~ V1—22 . .
T = 11+Z§ , and only one term in its expansion evaluates to a non-zero number under

1ntegratlon speciﬁcally to 2m).

Next, if we solve for 2miRes(f; £i):

2mi(Res(f; £i)) = 27m'<\f - {) = 21V/2

And hence:

/1 1_x2d (2W\/§—27T)—7r(\/§—1)

1
1+ 22 2

9g) Rational and entire polynomial functions

1. Show that an entire function is a polynomial if and only if it has a pole at infinity.

2. Show that a meromorphic function on PY(C) is rational.

1. Proof. Let us first state a Lemma (Corollary from the Laurent Series Development found in
Conway, pg. 105):

Lemma. 9.1: Conditions for Poles

Let z be an isolated singularity of f and let f(z) = 3> a;j(z — 20)? be its Laurent
Expansion in A(a,0, R). Then,

(a) z = zp is a removable singularity <= a,, =0 for n < —1.

(b) z = zg is a pole of order n <= a_, #0 and a,, =0 for m < —(n+1).

The proof for (b) (in assuming (a)) is as follows (also from Conway):

Proof. Suppose a, = 0 for m < —(n+ 1), (# — 20)" f(2) has a Laurent Expansion which has
no negative powers of (z — zp). Thus, by (a), (z — z0)" f(2) has a removable singularity at
z — zp. The converse argument retraces the steps made for the forward argument.

O
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Now, in coming back to our question; assume f : C — C is an entire function with a pole, say
of order n at co. Since f is entire, we may write:

fz) = ail2)
i=0

Next, by having a pole at co, naturally f(%) will have a pole (also of order n) at z = 0. Next,
by our construction of f(z) in series form, we thus see that f (%) will have the form:

- ) S

As such, we may now invoke part (b) of our Lemma as follows: Since f (%) has a pole of
order n at z = 0, we know that V— ¢ < —(n + 1), a_; = 0, which is equivalent to saying:
Vi > (n+1),a; = 0. As such, we know that:

=0 =0

(1) - Yo = 3 e
— )= Z()

Conversely, assume that f: C — C is an entire function with polynomial form:

We now once again consider the function f (%), which must have series expansion:

(1) = 3 ater

i=—n

We now have the reverse criterion required by part (b) of or Lemma to conclude that f(%)
must have a pole of order n at z = 0, and naturally by the exact same fashion of the preceding
argumentation, f(z) must have a pole of order n at oco. O

. Proof. Let f : P1(C) — P!(C) be a meromorphic function in the extended complex plane.
First, let us recall that since:

(a) P(C) is compact.
(b) Any discrete and closed subset of a compact set is discrete and compact, aka finite.

(¢) Any set of poles under a meromorphic function must be closed and discrete.

19



The set of poles under a meromorphic function f : P1(C) — P!(C) must be finite. Let us call
this set of poles: 21,29, ..., 2k, each with a multiplicity of mq,mo, ..., my respectively. If we
then define F' by taking out these poles, i.e.,

k
PE) = 1) [[ G- )

Then it must be that F' has at most a pole at oo of order say ms € N. As such, |F(z)| <
C|z|™ Vz € C. Thus, as we showed in Question 1, F' must be a polynomial of order at most

Moo, and by definition, Hle(z — 2;)™i is a polynomial of order Z?:l m;. As such, we find

that:
f(z) = k& € {Rational Functions}
[T (z = 25)™
O
10 Infinite Sums and Products
10a) Proof of Wallis’s Product
Prove Wallis’s product formula:
ﬁ (2m)@2m) o«
2 @2m—-1)2m+1) 2
(Hint: Use the product formula for sin(z) at z = 5.)
Proof. We recall (from Ahlfors 5.2.3, Equation 24) that:
0 2 2
. _ - (2
sin(7z) ﬂznll ( <n> )
Thus, if we take z = %:
. T T 1 T r [ 4n? -1 T p ((2n+1)(2n — 1)
1 = S — = — 1 _—— = — _— = —
- (2) 11 ( 4n2> 11 <<2n><zn>> : 11 ( (2n)(2n)
T (2n)(2n)
= — =
2 711;[1 (2n—1)(2n+1)
O
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10b) Properties of the Fibonacci Numbers

The Fibonacci numbers are defined by co = 0,¢1 =1,

Cp = Cp—1 + Cn—2, TLZ2

Show that the ¢, are the Taylor coefficients for a rational function, and determine a closed expression
for c,.

Proof. Let us begin by letting f(z) := > 7=, ckz® where ¢, are the Fibonacci numbers. Next, we
see that:

0
f(Z) =co+crz+ Z Zk+26k+2

k=0
o0
=cy+ciz+z Z zkH(ckH + ck) Since ¢, = ¢p—1 + Cp—2
k=2
oo oo
=cy+tcCcrz+ =z Z ckszH + 22 Z Ck+221k
k=2 k=2
oo o
= Co +clz+z(chzk — co) +zzzckzk
k=0 k=0
= (0) + (1)z + 2(f(2) = 0) + 2%(f(2))
z
——s =
fR) =1——%
Now, if we let w; = % and wy = 172\/5, we make the quick realization that since w; - wo =
-1 = w; = ;—;, and hence (1 — 2 — 2%) = —(2 + wy)(2 + w2) = (1 — wy2)(1 — wez). Hence we
may now look for A and B s.t. —— = Zwal + z—ng' We see that:
z A B

1—2—22 1—wiz 1—wyz
= z2=A(l —wez) + B(1 —wy2)
<= A= —B and Aw; + Bw; = -1

<:>B<1—w2):_1andA:—B

= \}5<,§% ((w1)* = (wz)k)zk)

And since f(z) =Y pe, ckz", by equating the coefficients here, we see that:
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C =

(e )

10c) Evaluating Positive even Integer Values of the Riemann Zeta Func-
tion

Sl

O

Comparing the coefficients in the Laurent series for cot(nz) and its expression as a sum of partial
fractions, find the values of: (Give a complete justification of the steps that are needed.)

oo o0
1 1
dom 2
T " T
Proof. Let us begin by performing a little algebra on cot(mz):
t( ) COS(TFZ) ' eifrz + e—iﬂ'z ei7rz ) e27riz +1 N 1
Cot\mz) = =l — s =1 - -
Sin(ﬂ'Z) eiTz _ p—imz ez 6271'22 _ 1 627712 _ 1

[e?miE 1 n 2 - 24
=1 - - =1 B rs—
6271'22 -1 e27rzz -1 e2ﬂ'zz -1

2miz
627'rz'z —1

= mzcot(mz) =imz +

Next, we define what are called the “Bernoulli Numbers”, denoted B,,. They are defined as:

oo

Z mm
ey—l m!

m=0

2miz B
If we let y = 2miz, we obtain: P E Trzr'L (2miz)™
=0

By,
= mzcot(mz) =imz + Z 27rzz)

m=0

Now, we turn our attention to the series (derived in Ahlfors, 5.2.1 Equation 11), which states:
meot(mz) = 1 + 307 | *, therefore for |z] < 1:

22



e 2

cot =1+ -
zmeot(mz) = nzl 22 —3

= 222
[e%S) 2k [eS)
E i Since if |w| < 1, E wh = b
n 1—w

k=0

=1-2 Z 22k Z n=2k Since the series are absolutely convergent

222% Zn_% Z Fm 2mz <=
k=1 n= m=0
=1 =1 1—irz B B1(2miz)  Bo(2mz2)?  Bs(2imz)®  By(2mz)?
2 4 _ 0 1 2 3
gifrz;*‘l”'* 5 9.0 2.1 2.9 2.3 2.4
e 1 _ bt 22k—17r2k32k

110 =1 -1
Now, since B; =1, 3, ¢,0, 30,0,42,0,%,... ==

n=1

— = =
—n 90
Z«nf 945
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10d) The cotangent function’s properties with regard to infinite sums

FExpress:

> 1

D

in closed form.

Proof. First, let us recall the formulae: a®—b3 = (a—b)(a?+ab—b?) and az®+br+c= 52+ 7”22;4“,
thus we will have:

23 —nd = (z—n)(2® 4 zn 4+ n?)

(zn)<z+nt 1+2i\/§)<z+n. 12“/3)

=(z—n)(z+ nezg) (z+ ne_i%)

—iZ

We now look for a way to write: —-— in the form of: —4—+ B___ 4 c
Zmn ( (z—&-nel 3 ) (z+ne

) ) . However, before

doing this, let us make simplify % first since this will tremendously simplify our derivations.

Furthermore, for the remainder, we denote w = ne’s (and hence w = ne™*3). Our first simplification

will be that if we consider Z:;O’fis in the form of (zfn) + (z2+£b+n2):

322 A . D
2 —n3  (z—n)  (22+2n+n?)

= A2+ 2n+n?) + D(z —n) = 322

Setting A =1 and D = 2z +n nicely solves this equation. Now, we look for B, C as specified before:

22+ n A B

24m+n? zdw  z4w
—2z4+n=A(z+w)+ B(z +w)
< A+ B=2, and Aw+ Bw=n

n2w—1) (2(3(e%)) —1)  n(v3)i
< B = = 222'Im(w) = M@ =1,and A=1

Therefore, we now have that:

322 1 1 1
B-nd  z—-n z4w z4w

24



Next, we recall (from Ahlfors 5.2.1 Equation 10) that if |z| < 1, that: limp o0 >, =, and
since if |2] <1 = | —wz| <1 and |wz| <1 (jw| = |w| = 1), and as such:
SR U B
S 23 —n3 322 mooo 23 — 3
1 i 1 w w
322 m—oo \ z(—w)—n z2w—-n z(—w)—-n
1
=32 <7r cot(mz) — wr cot(—wmz) — wrw cot(fwﬂz))
z
=32 (71' cot(rz) — me 5 cot(—e Fz) — €'F cot(—ei%ﬂz))
O

10e) The Blaschke Product

Suppose f(z) is a holomorphic function defined on the unit disk with a zero at O of order s and the
other zeros ay, satisfying Y, (1 —|ax|) < oo (or equivalently ), log|ay| > —occ). Show that it admits
a factorization f = BG where B is a product of:

H|ak| ar — 2
ap 1 —arz

and G(z) is a holomorphic functions without zeroes. Show that B(z) is holomorphic.

Proof. We would first like to prove that for any holomorphic function, f, which is defined on the unit

disk (plus has the noted constraints in the question), it may be written as f =g |g| ( ((1/6 Z)))

g(pp(z))®8, where j is a zero of f of order sg, 5 # 0, and g has all the zeros as f except (. If this is
true, then it’ll follow immediately that we can write f = BG as defined in the question above. To
prove this, we first note that: ’%‘ = 1. Next, by the Schwarz Lemma, if |f(z)| = |z| for some non-
zero z or |f'(0)] = 1, then f(z) = az for some a € C with |a| = 1. If we say hy := fo ((@ﬂ(z))sﬁ)_l,
then since f(8) =0 = hi1(B8) = || = f = gpp as we wanted to show.

lak|ak—|ak|z
ar—|ag|?z ?

functions on Q, (f = ) is holomorphic on Q\{S} where g(s) = 0 Vs € S. Thus, since ay, — |ax|?z #
0V|z] <1 = wi(2) 1s holomorphic Vk € N inside the unit disc.

Now, let us define ¢,, (2) = which is holomorphic since the quotient of holomorphic

Let us now recall that if ¢,(2) = 14 ¢5(z) and Y-, [¢x(z)| converges uniformly on a compact
subsets, then [[77; ¢, (2) also converges uniformly on a compact subsets. Thus, we take a look at

Par(2) = $a () = L
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M, Gk =% 4 _ lak|(an — 2) — ar(1 —ayz)

ar 1—apz ak(l —Ekz)
_ laglax — ag + |ag|*z — |ag|z
ak(l —Ekz)
_ (ar] = Dag + |ax|(jax| — 1)z
ar(l —agz)
_ (lax] = 1)(ak +|ax|z)
ak(l —dkz)
lak|
_ (Jar| — 1) (1 + ﬁz)
1—agz

Now, since we are operating within the context of a unit disk, we may assume |z| < r,7 < 1; thus:

lag| ax —= 4l —(1—|ak|)(1+%z)
ar 1—apz 1—aiz
_ (DA i)
- 1— 2]
147
< (1 —
< 71—, (= la])

Now, we recall that the Blaschke Condition of: ), (1 — |ax|) < oo, and hence:
k

And hence we have proven that B(z) converges uniformly on compact subsets, and hence is holo-
morphic by Weirstrauss’ Theorem.

lak|  ax — 2 1+7r
— — —1| < 1-— <
e S T Al <

O

10f) Existence of a function mapping from an arbitrary sequence of com-
plex numbers to another

Let ay,az,as,... be a sequence of distinct complex numbers with a, — 0o. Let by, b, b3, ... be an
arbitrary sequence of complexr numbers. Show that there exists an entire function f : C — C such
that f(a,) = b, Vn.

Proof. Let us define the function f as:
oo .
1 ifn=%k
= b here f,, =
/) kz:ofk b where f {0 otherwise

However, we might run into problems unless we first alter the series {a;} and {b;}, we first remove
all duplicate entries since we will want to have the property of if a; = ay, then b; = b;. Next, if
37 € Nst. a; = 0, let us remove this entry and it’s corresponding b;. If we solve the problem
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with a function g, which maps a; to, say, b; = l”;—bl, then by making f(z) = zby + b1, we see that
f(an) = b,¥n, when a; = 0.

Now, if we let

a;
i=1
And f; be defined as:
L 1 g(z) Yn(z2—a;)
fv(z) = g,(ai) > _ aie

Then, naturally we see that g(a;) = 0 and lim,_,, fn(a;) = 1, and hence a; is a removable singularity
of f,, and hence f, is entire. Thus, if we can find ; s.t. f as defined as a sum of fi’s and b’s which
converges uniformly on all compact sets, by Weirstrass’” Theorem, f will be an entire function.

Let S :={z:|z] <r}. On S, g is bounded and hence we will have that |g(z)| < C,. Also, since
a; — 00, In,. € N s.t. Vi > n,|a;| > 2r + 1. Therefore, |z —a;| > 2r+1—r=r+1> 1. Thus,

bi l9(2)|

g'(ai)| |z —ai
c,

evilz—ai)

|£i(2)]

IN

e'Yi(Z_ai)

IA

= |- C’T’egi(aiifl)’ where §; = i

bi (Re(2)—
_ | b g simetz)

AN

,I()i C’,«egi(ﬁ_l) lf gi Z 0

bi —&i
Cre2

<

,| by

7 | i —&;
9 (@) 'e~*, And as such,

) . —&; 1 ) .
ris|+i-1) = e = ile= <
g (a:) g (a:)
and hence we can conclude that: not only have we constructed a function with the proprieties

specified, but also that this function is entire since:

Now, if we choose &; = 2(

i

F2) <sp(C) 3 s e <sup(C) Yoo < o
i=1 ¢ i=1

10g) Riemann Zeta Function Convergence

Show that the Riemann zeta function:

((2)=> n7

converges for Re(z) > 1, and represent its derivative in series form.
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Proof.

om el
3’5;(,:) =(-n" ;logm(n)n_z .

The rest is forthcoming... O

11 Normal Families and Automorphisms

11a) 2" is a Normal Family except on the unit circle
Show that the functions z", n a non-negative integer, form a normal family in the extended sense

on |z| < 1, also on |z| > 1, but not in any region that contains a point of the unit circle.

(Outline of Proof)

Proof. If |z| < 1, we claim that any infinite sequence of functions, say, z™* always has a converging
subsequence. This is because if n — 0o, then naturally the functions go to zero uniformly on compact
subset. If n 4 oo, then there must be some index which occurs infinitely many times and hence
there is the convergence is obvious.

For the region outsides |z| > 1, either 2" goes to infinity uniformly on compact subsets (if nyg
diverges) or goes to some function 2* if some exponents occurs infinitely many times.

However, for |z| = 1, then consider the family 2™, where n goes from 1 to co. Then it convergence
to a function which is not continuous which contradicts the defintion of a normal family. O

11b) Derivatives of normal families are normal families
Let {fa} be a normal family in the extended sense of holomorphic functions on a domain Q. Show

that {f.} is a normal family.

Proof. Let us begin by stating the following Lemma (cpt := “compact set” and open := “open set”):

Lemma. 11.1: Uniform Convergence of Derivatives

Let f; : QP — C,j € N be a sequence of holomorphic functions and f : Q°P°" — C s.t.
VKt C Qopen | fi(KPY) — f(KP'). Then Vk € NU {0}, we will have:

(2) 5 (2) 10

Proof. Let K?* C Q. Therefore, Ir > 0 s.t. Vz € K, A(z,2r) C Q. If we fix such an r, then
K" = U,cqA(z,7) C Q and is compact. Next, Vz € K,., we have from Cauchy’s Inequality, that:

9 \" k!
() (a0 =1ue)| < & s [ £
k!
<5 osw £ (2) — £ (2)]
Cerr!
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Thus, the right hand side above goes to zero as ji,j2 — oo, and since K,, {f;} must converge

uniformly on K,. And as such, {(%)k fj} is uniformly Cauchy on K. O

Now, we return to the problem at hand. Let us pick any sequence s.t. {f,} C {f.}; therefore, we
know that 3 a subsequence, say nj which converges uniformly on compact sets: K C 2. Now, by
our above Lemma, we know that {f,, } converges uniformly on K. Hence, for any sequence of {f/},
we can find a subsequence which converges uniformly on compact subsets, which implies that {f/}

is a normal family by definition.
O

11c) An automorphic injective hol. mapping on a bounded domain given
one point being the identity implies the whole mapping is too

Let Q be a bounded domain and let ¢ be an injective holomorphic mapping of 2 to itself. Let a € 2
and suppose that ¢(a) = a and ¢'(a) = 1. Prove that ¢ must be the identity.

(Hint: Write the power series for ¢ centred at a

¢(z) =a+ (z —a) + higher order terms

and consider ¢,po ¢, popo@,.... Estimate the coefficient of the first nonzero term in the power
series after the linear term, assuming that it exists, and show that it must in fact be zero.)

Proof. First and foremost, we recall Montel’s (Simpler) Theorem:

Lemma. 11.2: Montel’s (Simpler) Theorem

Any uniformly bounded family of holomorphic functions defined on an open subset of the
complex numbers is normal.

Thus, we can say that the family ® = {¢"|n € N} (¢™ = ¢ o --- o ¢ n-times) is normal. Let us now
assume that a = 0 since this will not affect any of our derivations. Let us now choose r > 0 s.t.
A(a=0,7r) C Q. Now since ® is a normal holomorphic family, hence we may write ¢ as:

o(z) =z + Z anz"
n=2

If we now assume for sake of contradiction that ar, = 0 V1 < k < n, but not for ax, k > n then (ht:=
higher [order| terms):

d(z2) =z 4+ a,z" + ht

We would like to prove by induction that ¢™ = z + na,z" + ht, for m = 2, we have:

¢ o (¢(2)) = ¢(z) +and(2)" + ht
=z+4anz" + ht+ an(z + anz™ + ht)" + ht
=2z+2a,2" + ht

And if we assume a standard inductive hypothesis of truth for n — 1, we have that:
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¢"(2) = ¢o (6" (2)) = 9" (2) + an(¢™ T (2))" + ht
=z+(n—1)a,z" + ht+a,(z 4+ (m—1)a,z" + ht)" + ht
=2z +ma,z" + ht

Now, we may make use of Cauchy’s Inequality: Le., since ¢ is holomorphic in A(0,r),

0zk rk

However, by our previous work for ¢, we see that if &k < n:

k
™) = () ) )"

Therefore combining these two findings, and setting & = n, we can see that:

oo
onl = | " 2)
1 om
< ||| =2
_‘k!m 9zn <2)‘

oL\ [ Fsupzcan [97(2)]
~ \km rk

SUP.ea(o,r [0 (2)]
mrn

Now, we proceed as follows: Since n is fixed, a,, and r™ are constant. Next, since ¢ : @ — 2, and 2
is a bounded domain, sup, |¢™| is uniformly bounded by some constant, say C, independent of m.
This corresponds to the norm of the point farthest from the origin in the domain.

Thus, we have: |a,| < % where K € N independent of m. Since m can be chosen arbitrarily large,
we have a,, = 0, and hence have reached a contradiction.

Thus, we have shown that Vn > 1,4, =0 = since ¢ is injective, we cannot have ¢(z) = aVz, and

hence must therefore be the identity.
O

11d) Bijective automorphisms properties
Let Q be a simply connected domain in C and let p,q be distinct points of Q. Let f1, fo € Aut(Q).
Show that if f1(p) = fa(p) and fi(q) = f2(q), then fi = fs.

Proof. Since 2 C C and is simply connected, by the Riemann Mapping Theorem, €2 is either
conformally equivalent to the unit disk, A, or to the entire complex plane C. We now state the
following Lemma from Greene and Krantz’s Function Theory of One Complex Variable:
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Lemma. 11.3: Uniqueness of Biholomorphic Automorphisms

1. If Q as defined in the problem is conformally equivalent to the unit disk, A, then if
f e AQ), f must take the form: f(z) = ew( -~ )

14+az

2. If © as defined in the problem is conformally equivalent to C, then if f € A(Q), f must
take the form: f(z) = a+ bz,a # 0.

We first assume that € is in the second case (2 conformally equivalent to C). Thus, we see that if
p # q, then:

J1(p) = a1 +bip = fa(p) = az + bap, and f1(q) = a1 + biq = f2(q) = a2 + baq

< by = b since p # ¢
= a1 =ay else fi(p) # f2(p)

As such, assume (2 is in the first case ({2 conformally equivalent to the unit disk). Thus, we have:

i z4+a
fi2) :e9<1 +az>

_ _of Ji(z)—a
= [ Ufi(z) =e Z0(
=) - afi(2)
Therefore following this reasoning and noting fi(2) = z <= 22+ 2(1—¢'?)/a—e*%a/a = 0, solving
for creates like above a system of linear equations and hence implies that a; = as.
And hence we have shown that f; = f5 in both cases.

O
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